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SYMMETRIC AND ASYMMETRIC DIOPHANTINE
APPROXIMATION OF CONTINUED FRACTIONS

BY

JINGCHENG TONG (*)

RESUME. — Soit £ un nombre irrationnel avec ’expansion de la fraction continue
simple £ = [ao; a1,...,ai,...] et soit p;/g; son i®Me convergent. Dans cet article,
on donne explicitement deux suites de nombres réels (ar), (8n) et on démontre les
résultats suivants :

(i) Entre trois convergents consécutifs p; /g; de £ ({ = n—2,n—1,n), un au moins
satisfait |€ — pi/gi| < 1/(angigi+1) et un au moins ne satisfait pas cette inégalité;

(ii) Soit 7 > 0. Entre quatre convergents consécutifs p;/q; de £ (i =n — 2,n — 1,
n, n + 1), un au moins satisfait ~1/(8nqigi+1) < |€ — pi/¢i| < 7/(Bngigi+1) et un au,
moins ne satisfait pas ces inégalités.

ABSTRACT. — Let £ be an irrational number with simple continued fraction
expansion { = [ao; @1,...,ai,...], and p;/¢; be its i-th convergent. In this paper,
we give explicitly two sequences of real numbers (@), (8r), and prove the following
results :

(i) Among any three consecutive convergents p;/g; of £ (i = n -2, n — 1, n),
at least one satisfies |§ — p;/qi| < 1/(@nqigi+1), and at least one does not satisfy this
inequality;

(ii) For any 7 > 0, among any four consecutive convergents p;/g; of £ (i =n — 2,
n—1,n, n+1), at least one satisfies —1/(8r¢igi+1) < |6 —pi/q:| < 7/(Brgigi+1), and
at least one does not satisfy this inequality.

1. Introduction

Let £ be an irrational number with simple continued fraction expansion
& = [ao a1,...,a4...], and p;/q; be its ith-convergent. The following
inequality has been extensively investigated for a century :

i 1
1) le- 2| <
( q; %2

(*) Texte recu le 30 aolt 1987, révisé le 2 février 1988.
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60 J. TONG

We state the main results about inequality (1).
(i) By the works of HUrRwITZ [5], BOREL [2], FUJIWARA [4], MULLER [7]
(or [1]) and the present author [12], the following theorem on symmetric
approximation is obtained :
Among any three consecutive convergents p;/q; of £ (i = n — 1, n,
n+ 1), at least one satisfies |€ —p;/q;| < 1/(y/a2 + 4¢?), and at least one

satisfies |€ — p; + qi| > 1/(y/a2 +443).

(ii) By the works of SEGRE [10], RoBINSON [9], LEVEQUE [6], SzUsz
[11] and the present author [15], the following theorem on asymmetric
approximation is obtained :

Let T be a positive number and c,, be defined as follows :

o = { an+41 if n is odd,
" Gnyo if m is even.

(2)

Then among any four consecutive convergents p;/q; of £ (i = n — 1, n,
n+ 1, n+ 2), at least one satisfies the following inequality :

1 Pi T
@ Varag e Varea
and at least one does not satisfy inequalities (3).
The study of the following inequality can be traced back to DIRICH-
LET [3] :
1
%1

(4) -2

<

But surprisingly, although inequality (1) is obtained from (4), there are
no corresponding results on (4) in literature. The purpose of this paper is
to do some investigations on (4). We will use the method established by
the present author in [12-15].

2. Preliminaries

Let £ = [ag,a1,...,an,...] with convergent p,/g,. It is known [8] that

pn _ (=17
5 - — = )
®) g Mg
where M,, = [0; ant2,an+3,...] + [@nt1; an,...,a1]; thus
Pn (=

6 -_——= )
( ) ¢ qn Crnnn+1
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DIOPHANTINE APPROXIMATION OF CONTINUED FRACTIONS 61

where C, = (Mnqn)/qn+1- Let Dy, = [any1; Gn,- .. a1][@nt2; Qnys,-- ..
Since gny1 = @ny1qn+qn-1, and Qn+1/Qn = [an+l y Qny e v 1a1]‘ It is easily
seen that
(1) Con=14—

n = D,

We need some simple lemmas.

LEMMA 1. — Let f(z) = (a+z71)/(rz~! —a) witha > 0, 7 > 0.
Then f(z) is increasing for 0 < z < r/a.

Proof.

_az%(1+7r)

flz) = (ro1 —a)? > 0.

LEMMA 2. — Let g(z) = (a+ bz)/(x — a) with a > 0, b > 0. Then
g(x) is decreasing for x > a.

Proof.

_a(b+1)

g'(a:) = m <0.

LEMMA 3. — Let h(z) = vz +4 — \/z. Then h(z) is decreasing for
z > 0.

Proof.
1 1
V()= — — —= < 0.
@ =o/zri 2z
3. Main theorems
Let P = [ant1; Gnt2y---), @ = [an; an_1,...,a1]. It is easily seen
that
a, + P71
D, 9= ——m,
(8) 2 . Q_an
(9) ' D’n—l = PQ7
an+1 + Q_l
1 D, =2 % .
(10) S

Now we prove the main theorems.
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62 J. TONG

THEOREM 1. — Let r be a positive real number and n > 3 be a positive
integer. The following statements are true.

(1) If D1 <, then

) > \/a‘,?a‘nﬂﬂ/ﬁ
VT = \f@nani1

max(Dy_2,D
(I1) If D,_, = r, then

VanQpi1 + 1/\/;
max(Dy,—2,D,) > 7 .
— v0nlnt1

Proof. — (I) Since D,_; < r, from (9) we have

(11) Q<r/P,
(12) Q!> P/r.

From (8) and (11) we have

a, + P71

(13) D,_o > m .

By LEMMA 1, D, _, is an increasing function for P < r/an.
From (10) and (12) we have

An+1 +P/’I“

14 D
(14) "> a

By LEMMA 2, D,, is a decreasing function for P > a,41.

Since D,, > 0, from (10) we have P > a,41. Since D,_s > 0, from (8)
we have ) > ap, hence P = D,_1/Q < r/a,. We discuss two possible
cases on P.

(i) r/an, > P > \/an417/ay. From (13) we have

D,_ vanan+1 + 1/\/_
\/_ — V0nln41

(ii) apn+1 < P < y/an417/an. From (14) we have

D, ,/anan“ + 1/\/_
\/_ — v0nln+1
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DIOPHANTINE APPROXIMATION OF CONTINUED FRACTIONS 63

Thus THEOREM 1 (I) is established.

(II) To prove THEOREM 1 (II), we first prove that P # \/an417/an.
Suppose P = \/an417/ay. Since D,_; = r, we have Q@ = D,_;/P =
Vanr/ani1. It is easily seen that Q = [an; @n—1,...,a1] is a ratio-
nal number, while P = [ap42; Gn+3,...] i an irrational number. Let
@ = k/h, where k, h are two co-prime positive integers. Then we
have v/a,r/any1 = k/h, with r = k2?any1/(h%a,). Therefore P =
Vansir/an = (kant1)/(hay), and P is a rational number! This con-
tradiction shows P # v/ant17/ay.

Similar to the proof of THEOREM 1 (I), we have

a, + P71
Dr2=ipray
D, = Gnil +P/r

" P_an+1

Since P # \/an417/an, case (i) in THEOREM 1 (I) becomes r/a, > P >
V@n+17/ay, the required result is correct.

By similar arguments, we can reverse the directions of the inequalities
in THEOREM 1 to obtain a conjugate theorem.

THEOREM 2. — Let 1 be a positive real number and n > 3 be a positive
integer. The following statements are true.

(I) If D1 >, then

1
min(Dy_y, Dy) < YorGntt +1/V7
\/_ - Vanan+1

(I1) If Dp—y =, then

min(Dy,_y, D) < YonOnt1 & VT
\/; — v/ Anln41

4. Symmetric approximation

Now we apply THEOREM 1 and 2 to investigate symmetric approxima-
tion to the irrational number &.

THEOREM 3. — Let a, = 1 + %(\/&nanﬂ +4 — \/anan+1)2. Then
among any three consecutive convergents p;/q; of € (i=n—2,n—1, n),
at least one satisfies

(15) - 2| <

a;

1

————
anqigi+1
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64 J. TONG

and at least one satisfies

1

(16) le- 2> ——
UnqiQi+1

q;

Proof. — Letting r = 1(y/anant1 + 4 + Vanant1)?, it is easily seen
that @, =1+ 1/r and

VanQny1 + 1/\/’;‘_ —
\/—_ VanGni41

D, <r,then Chy =141/Dpy >1+1/r = . From (6) we
know that (15) holds for ¢ = n—1. By THEOREM 1 (1), max(D,,_», D,,) > r,
hence min(Cp—2,C,) <1+ 1/r = ay, (16) is true for i = n — 2 or n.

If D1 >r,then Cppoy =14+1/Dpy1 <14 1/r = a,. From (6) we
know that (16) holds for i = n — 1. By THEOREM 2 (II), min(D,_s, D,) <
r, hence max(Cp_3,Cp) > 1+ 1/r = oy, (15) is true for i =n — 2 or n.

If D,,_y = r, then by THEOREM 1 (II) and THEOREM 2 (II), we have
max(D,_2,D,) > r and min(D,_2,D,) < r. Thus min(C,_1,C,) <
1+1/r = ap, max(Cp_2,Cy) > 1+ 1/r = a,. By (6) we know that (15)
is true for ¢ such that C; = max(C,_s,C}), (16) is true for 7 such that
Ci; = min(Cp—_2,C,).

Because we always have anan+1 > 1, by LEMMA 3 the following
corollary is correct.

COROLLARY 1. — Among any three consecutive convergents p;/q; of £
(i=n-2,n—1, n), at least one satisfies the following inequality :

Pi 1
17 3 [ —
(7 l Qil 2(5 — V5)4iGit1

If € is not equivalent to %(\/5— 1) =[1; 1,...], then there are infinitely
many pairs ap,an4+1 such that apany+1 > 2. Therefore the following
corollary is true.

COROLLARY 2. — Let £ be an irrational number not equivalent to
—21-(\/5 — 1). Then there are infinitely many convergents satisfying the
following inequality.

(18) ‘s— Bl

q;

(8- \/§)Qi‘h+1'
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DIOPHANTINE APPROXIMATION OF CONTINUED FRACTIONS 65

5. Asymmetric approximation

Now we apply THEOREM 1 and 2 to investigate asymmetric approxi-
mation to the irrational number &.
Let 7 be a positive real numbqr. If

2
(Vanant1 + 47 + /@nany1)
b

472

r =

it is easily checked that

ey ()

THEOREM 4. — Let 7 be a positive real number and v, = 1+
i(\/ananﬂ + 41 — \/ananH)?. If n is an even positive integer, then
among three consecutive convergents p;/q; of € (i = n—2, n— 1, n),
at least one satisfies the following inequalities :

1 pi T

(19) -— —,
Unqiqi+1 q; Unqiqi+1

and at least one satisfies one of the following inequalities :

; 1
20) _m L
qi UnqiQi+1
(21) iy L —

qi Unqiqi+1

Proof. — 1If D,_; < r, then by (7) and THEOREM 1 (I) we have
Cno1 > 1+ 1/r = v, and min(Cp,_5,Cp) < 771 + 1/7r) = 77 1u,.
Hence by (6) the left hand side of (19) is true for ¢ = n — 1, and (21) is
true for ¢ =n — 2 or n.

If D,,—1 > r, then by (7) and THEOREM 2 (I) we have C,,_; < 1+1/r =
vn, and max(Cp_2,Cy) > 771(1 4+ 1/r) = 771v,. Hence by (6) we know
that (20) is true for ¢ = n — 1, and the right hand side of (19) is true for
t=n-—2o0rn.

If D,y = r, then by THEOREM 1 (II) and THEOREM 2 (II), we have
min(Cp—2,Cp) < 771y, and max(C,_z,C,) > 7~ v,. Hence (21) is true
for 4 such that C; = min(Cp—2,Cy), the right hand side of (19) is true
for ¢ such that C; = max(C,_s,Cy).

Let

p _{an if n is even,
™ an+1  if nis odd;
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66 J. TONG

such that
d _Japt1 ifniseven,
n+1 any2 ifnisodd,

and B, = 1+ }(/dndni1 + 47 — \/dndyy1)?. Using THEOREM 4 if n is
" even, or replacing n — 1 by n in THEOREM 4 if n is odd, we have the
following theorem.

THEOREM 5. — Let T be a positive real number. Among four consecu-
tive convergents p;/q; of € (i =n—2,n—1,n, n—1), at least one satisfies
the following inequalities :

1 .
<g-ZoT

22 —_—— -,
(22) BrdiQi+1 @G Bn@idiq

and at least one satisfies one of the following inequalities :

Di 1
23 LD —
23) q; Brdi%i+1
(24) g-Es5 T

> —_—
qi Brdidi+1

Since we always have d;d;; > 1, the following corollary is immediate.

COROLLARY 3. — Let 7 be a positive real number. Among any four
consecutive convergents p;/q; of € i=n—2,n—1,n,n+1), at least one
does not satisfy the following inequalities :

1 .
<e-Pi o T

3(3+27 — V1+47)qigin ¢ FB+2r - VITAn)qidis1
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