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ON IDEALS GENERATED BY BOUNDED
ANALYTIC FUNCTIONS IN THE BIDISC
BY

UrBAN CEGRELL (*)

RESUME. — Nous considérons une certaine généralisation du probleme de la
couronne dans le bidisque.
ABSTRACT. — We consider a certain generalization of the corona problem in the
bidisc.
Introduction

Let D be the unit disc in C with boundary 0D = T. We denote by
H(D x D) the analytic functions on D x D and by HP(D x D) the functions
in H(D x D) with boundary values in L?(T x T') ; the measure on T is the
normalized Lebesgue measure do and the measure on 7' x T' is do ® do.

In this note we prove that a certain generalized corona problem (for two
generators) always has a solution that can be estimated by the Cauchy
transform of a bounded function plus a bounded function.

Related results have been obtained by CHANG [2], LN [3] and VARoO-
POULOS [4].

1. The d-problem

Suppose H = H;dz; + HodZz is a O-closed form on D x D with
coefficients continuous on D x D. Define :

(*) Texte regu le 17 juin 1991, révisé le 20 février 1992.
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(1) Uler,22) = % > %fi_l’_;l—?)‘ dé; A dé;
1 Hj(&1,62)d& déa A dé .
(2mi)? Jrxp &1z & — 22

Then OU = H for U /8%, = H; and since 0H, /87, = 0H,/07

oU 1 OH3 /071 (&1, 22) Hy(&1,22) d&; }
o | ZRLTESLA) e p g AR T S G o4
0%z  2mi { D & —=n A et &1—= ?

by Cauchy’s general integral formula.
We now want to rewrite (1) and therefore first consider the formula

(2 0=4 /D tog| 2151 *OM e, ) a6y 1 agy

1-&2 ) 0z
4 Bz g nogg s M dgy A déy
p &i—x p 1-&2

which follows from the fact that the right hand side is harmonic (in 2;)
and has boundary values zero.

Hence, (1) is now

2 — H
(3) U(z1,22) = ~ / log lzl__ 6_15211 % L(&1,20) &1 A dE

H(e,
/ H€n2) g g,
12’

1
20 — & 120H4(£1,&2) 5
(2m>2 /wag | T e dag

1 Z2Hy(&1,62) _d&
@r)? L, e e de g

2. A corona problem for two generators
In this section, we prove the following theorem :

THEOREM. — Assume that g, f1 and fo € H®(D x D) with

lgl < (IF11? + 1f2I2)

for some € > 0. Then there is a function
)72
a(z1, 22) / 6151 2) o(&1) + L(z1, 22)
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where K € L™(T x D) and L € L*>(D x D) so that

1f1|2g-{1|f2|2 ~fa=acHDxD)
ml‘z% +f1a=gz EH(D X D)

In particular, fig1 + fag2 = g.
Proof. — Consider
g = gf1 g2 = 92
lf1l? + |72/ |f1l? + [ f2]?
If we could find @ € C'(D x D) so that dg; = 0, then

—f2aa +fla-

0 =099 = 0(fig1 + f292) = f2092,

which means that d(go) = 0 outside an analytic set, hence dg; = 0 on
D x D which proves that g, is also analytic.

Set of o
— g I 2,
q)z—f2azi fl 821'
That dg; = 0 means that :
H = 0a = __&_2d§1+_@_2d2
(112 +1£2[2) (1A +1f21?)

= H,dz; + Hydz,.

To avoid regularity problems, we can dilatate g, fi and f,, prove uni-
form estimates and use weak convergence and normal family arguments.
Moreover, we can assume that :

[l fille + [ f2llLee < 1.

We now claim that there exist two functions K1 € L*°(T x D) and
Ky € L®(T x T') such that ||Ki| e + || K2|lLe < C

A(€1,6) K1 (61, &) do (&) déa A dé,

TxD

- /D Al &) (61, 62) s A da déa 1 dEs
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and

/ B(€1, &) Ka (61, £2) déy do(£2)
TxT

- (2—71m) TxDB(ﬁl,ﬁz)Hz(él,ﬁz)dgl d& A dé,

for every A € LY(T x D), analytically extendable in the first variable and
every B € L}(T x T, analytic extendable in the second variable.

By Stokes’ formula (cf. [1, Thm 2]), we have for almost all {&; € D :

Ag 61 =
/D o dey A dé| <O /T |A61,6)] do(&).

|f11? + 1 f2[?)
Applying this to &1 A

/D Al &) (61, 62) s A dEy da £ ds

< c] [ A el st de n agl,
TxD

so the linear functional
A — AH 1
DxD
can, by the Hahn-Banach theorem, be extended to L'(T x D) without
increase the norm. Since the dual is L>°(T x D) we have proved that K
exist.

We also have from [1] that

Bg® ~
/ngg( 9% e, 0 d, soleB(zl,sz)lda(&)

|12+ 1A1?)

for almost all z; € T, so therefore

Bg§2 =
A€, dég A dE
Aw w&(hl2+1RR):

<c / |B(&1,6)| do(&)) do(&)
TxT

so the linear functional

B~ BH,
TxD
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can be extended to L'(T x T) without increase the norm and since the
dual of LY(T x T) is L®(T x T) the claim is proved.

Note that if f is analytic in a neighborhood of D, then
| renmiaeraoe) = [ reomen g aan g, e

/T F(E)Ka(€1,62) do(6r) = /D FE)Ha(6r, &) dea A Ay, & €T

We now use formula (3) and get

8H
U(z1,22) = —— / 121 ! (51,22) dé A d&
1 H1(517Z2)

2m Y 1—6a5

_2 22 — 52 6H2
- (2mi)? /TxDIOg -6 s, En&2)de A dng
dé,

1 H3(&1,&2)
/T Z §1— 21

 (2mi)2 2 xp 1—&2
-2 2 —& |20H,
- __“ et L A d
o Dlog =6z | 02 (€1, 22) dé1 A d&;
2 [ K6, 22)
27‘[‘2 T 1-— 5121 d0(§1)

_ 2 22 — & (9H2 d&
 (2mi)? /7’[/D logl 1— 26| 020 (€1,62) dé2 A dép s

dé A dé
dé;

dé A dé;

1 _ K5(&1,62) dé;
2mi T[Zz r 1—§2% da(&)] &— 2
= —_—? log 3 6H1 (51,22)d§1 A dé
T Jp 1-&iz
1 1-— |21|2
= 5w . WK1(§1»22)C1‘7(§1)
1 Ki(£1,22) do (&)

2ni Jp &1— 21

2 22 — §2 8H2 d§1
 (2mi)? /T[/D log 1—Gyz | 829 SHOESH d§2:| & — 2

1 1—|2|?
~ @ /T[/T mfﬁ(ﬁl,@)da(&)} 6 -z

L K2(517€2)
2mi Jowr (&2 — 22)(61 — 21) déy do(&2).
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¢ We estimate the first term as follows. Since

_ 951
(A2 +1f212)°
we get :
0H, _ 9g o, py (8f1/0z1f1 + Of2/021 f2) By
91 On (L + | f2f?)’ (1AL +1fP)°

—6/2
Choose 6 so that 1 m ZQ (1+¢€)=1. Then

1 3H1
— dé; A d
o / ’ % ’ &L A d&

1 n-6& 2 |0g/021] lg|*=9/2
N _
<\ 2r /D PIT=E | 6 (e 4 )
 (0/02 + 10£:/021 )" :
(1P + 1l )1/2 /2 d& A d&
‘_ o ~& ‘2 ||
2 Jp 1-&6iz (|f1|2+|f2|2)1+5
0f1/021 > + |0 f2/ 021 |2 3
X —€ d§ A d§
(2 + 1f22) 1 1
1/2
<

1 |0g/0z1]? 3

il A d
|27 /Dlog 121‘ lg|2—¢ dé 2
1 7 —& 101/ |5’f2/3Z1|2] 2
il 1 — + dé, A d
2w/p o8 1—§1zl’ [ AT R

2 —
+lgs [0 2 [ RE oo Pl a1 ad

1/2
X

1 1/2

1 z1=& |2 s
—|= S U
o | 62 /Dlog 1—§1z1| gl

1 z1—& |2 2 2

o [ o 2 [ (AIAP + AlR)
_1_ i [ €1 2e 2e
+ 5|3 e 2 (@l + Al
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1 1-— 2 1/2
~ 26e /T €1 _Izzllllz |9(§122)‘6 do(&) = |9(z1, 22)°

/T €1 i?IIZ (1217 + | f21*) do (&) — |f1(21a22)'28 - |f2(z1,22)|2€

1/2
X

1 €
tz / T O 1P a0t - i er ) = (e 2 ]

1

— e 52

by Riesz representation theorem.

o The second term is bounded by ||K1||L~ and as above, we can prove
that

1
e2°

(21,&2)dE A déo| < — +

<L
8¢

i/lo z2— & |20Hy
2m 1— &2 Bzs

Since the last term is analytic it can be removed and therefore the proof
of the theorem is complete.

REMARK
There exist K € L°°(T) such that there is no f € H(D x D) with

_ [ K(© o0
z/Tg d¢ + f € L*™(D x D).

K(&)

For if K € L*(T) but / s d¢ ¢ L% (D), there exists for every m a
—z

T
harmonic polynomial P, with

/|Pm(z)| do(z) =

so if f is any function in H'(D x D) then

k() déP(z)do(z)| > m

rJr&—=2

{ /5— 1d§+f(zl,zz)}ng(zl)dg(zl)dg(zz)

) 4ep(z) da(@] >m,

Tf—zl

SO EQ/T g{j(i—)l + f(21,22) ¢ L>®(D x D).
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REMARK
It follows from the proof of the theorem that the equation

ov

o,
2
has a bounded solution V. (In particular, (? V_ OH, > cf. CHANG [2]).
82182’2 822
Take V to be :
-2 O0H,
|% = — dé; A d
(21, 22) — D i ‘ rrn & A d&
1-— |le
— | ——————= K 1(&1,29)do(&1).
/T AR 1(81,22) do(&1)

Then, V € L*°(D x D) and

151% 0 |: -2 / zZ1 — §1 6H1
— = 5 lo
D

021 071 T J 1-— §_1z1 621

. (&1, 22)dé1 A d&y
i

- 2Lm/ 1__5 — H1(§1,21) A& A dgl]

_ 0 [L Hi(&1,21) dé; A dgl] — H,

_3_51 27 Jp & — =
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