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ON IDEALS GENERATED BY BOUNDED

ANALYTIC FUNCTIONS IN THE BIDISC

BY

URBAN CEGRELL (*)

RESUME. — Nous considerons une certaine generalisation du probleme de la
couronne dans Ie bidisque.

ABSTRACT. — We consider a certain generalization of the corona problem in the
bidisc.

Introduction
Let D be the unit disc in C with boundary 9D = T. We denote by

H{D x D) the analytic functions on D x D and by HP(D x D) the functions
in H(D x D) with boundary values in ̂ (r x T) ; the measure on T is the
normalized Lebesgue measure da and the measure on T x T is da (g) da.

In this note we prove that a certain generalized corona problem (for two
generators) always has a solution that can be estimated by the Cauchy
transform of a bounded function plus a bounded function.

Related results have been obtained by CHANG [2], LIN [3] and VARO-
POULOS [4].

1. The 9-problem
Suppose H = H^ dz-i + H^ dz-^ is a (9-closed form on D x D with

coefficients continuous on D x D. Define :

(*) Texte recu Ie 17 juin 1991, revise Ie 20 fevrier 1992.
U. CEGRELL, Department of Mathematics, University of Umea, S-901 87 Umea,
Sweden.
Classification AMS : 32 A 35, 32 A 37.
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110 U.CEGRELL

a) ^)=,lJ„¥^•Ads•rz JL27TI j£> $1 - z!

g2(gi,^2)dei d^A^2
+ (27TZ)2 jy(27TZ)2 JT^D ^1 -^1 ^2-22

Then 9U = H for 9[7/<9zi = ffi and since QHi/Qz^ = QH^/Ozi

H^1,Z2)^
^1=^2^_Lf ^ gg2/^l(^l,-g2) d$i A d$i + /

JT ^1 -^19z2 27Tt [ Jr27n UD ^1 - ̂ i

by Cauchy's general integral formula.
We now want to rewrite (1) and therefore first consider the formula

^1 ̂ (^d^Ad^/• zi-S,i z^
^ o=4^10g^^^ ^

ffl(6,22)
./

J£^^-f-^^^^^.l-^^^'-/.
H l(^l, 22)

which follows from the fact that the right hand side is harmonic (in zi)
and has boundary values zero.

Hence, (1) is now

(3) E7(zi,Z2)=-= - ^ r^ J L^ JD log
zl-^2Q-Ih^^^^^
1-^lZl ^1

d6
$1-^1

•,JW<-^d(,Ad(,
D 1-^12m

22-^2 l2^^^!.^) d$2 A d^2L fog
^^2W1 JTXD 11 -^2

J _ _ _ ^ !^2(^2)^2Ad^-^-

m)2 JTXD 1-^2 ^-^1

1 /• ^2^2(^1^

C^./TXD 1-$2Z2

2. A corona problem for two generators
In this section, we prove the following theorem :
THEOREM. — Assume that g, fi and h € ̂ {D x -D) with

H^o/i^+i^i2)1^
for some e > 0. Then there is a function

a(.x,.2)=/^^<M6)+^^2)
JT Sl — /2;!
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where K e L°°{T x D) and L € LGO(D x D) so that

gfi - ha = 91 C H(D x D)

+/ ia=^2 CH(D xD).

l/iP+l^l2

gf2
l/ip+l^l2

In particular, /i^i + /2^2 = ^
Proof. — Consider

gl=\f/hW-ha- g2=\f^%^+fla•
If we could find a € C^-D x D) so that 951 = 0, then

0 = 9g = (9(/iffi + hgi) = ./2<9ff2,

which means that 9(g^) = 0 outside an analytic set, hence Qg-i = 0 on
D x D which proves that 52 is also analytic.

set s> f9^ f Qh

^=h'Qz,~h^'
That 9g\ = 0 means that :

H=9a=———g-^———d-z^———^——.d^
(l/iP+l^l2)2 (l/iP+l^l2)2

= H^dz-i +^2<iz2.

To avoid regularity problems, we can dilatate g , /i and /2; prove uni-
form estimates and use weak convergence and normal family arguments.
Moreover, we can assume that :

||/l||L-4-||/2||L- <1 .

We now claim that there exist two functions K^ € L°°(T x D) and
K2 € L°°(r x T) such that ||Ki||L- + ll^lk- < C

f A(^i, 6)^1(^1.6) da($i)d^2 A d^
JTxD

= f A(^i ,6)^1 (^i, 6) d^i A d^i d^2 A d^
J D x D
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and
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/ B{^ 6)^2(^2) d^ida(6)
JTxT

——— / B(^2)^2(^6)d^2A d$2
(27T%) 7^^^

for every A G L^T x D), analytically extendable in the first variable and
every B e ^(T x T), analytic extendable in the second variable.

By Stokes' formula (cf. [1, Thm 2]), we have for almost all ̂  e D :

l/^.dy^'l^)2^^1^/.^"^^'-
Applying this to ^iA

( A(^2)^i(6^2)d6Ad^ii, 6)^1 (6,6) d$i A d^i d$2 A d^
J D x D

<C7 / |A(^^2)|da($i)d^Ad^
JTXD

so the linear functional /.A i
DxD

A^i

can, by the Hahn-Banach theorem, be extended to L^T x D) without
increase the norm. Since the dual is L°°(T x D) we have proved that K\
exist.

We also have from [1] that

r Bg^__^ ̂  ̂  ^ ̂  r ^(^^^^a(6)

^2^(|A12+l/l|2) ^

for almost all z\ € T, so therefore

B^^>2 2 d^i d^2 A d^
/TXD26(| /12+|/2|2 )

<C ( |B($i,6) da(^)da(^
JTxT

so the linear functional
B I BH^

JTXD
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can be extended to L^T x T) without increase the norm and since the
dual of L\T x T) is L°°(T x T) the claim is proved.

Note that if / is analytic in a neighborhood of D, then

/ /(^i(^2)da(^) = f /($i)^i(^2)d6 A d^i, ^ e D;? l A

6 A d$2,

JT J D

t f{W^^)da(^) = { /(6)^2(^2)d^A d^
JT J D

^ier.
IT J D
We now use formula (3) and get= -1 /7" Jo

^(•^l,^) = -— / log
^ j£)

^1-^1 ^ffl

l-^i^ 9zi

i A d^i

^2-^2 ^QHi
-^L^^_^_ f/D 1-

log d$i
(2^)2 j^ 1 - $2-22 I 9^2

H2(^, $2)

6-^1

w^'^LTxD l-^2^2

zi-^i 2Q^h
l-^i^i ^i

d^2 A d$2 .-
^i-^i

(^i^2)d$iA d^i
-2

/„ log
^ JD
^i /* ^1(^1^2) , ^ ^_Z]_ /* ^1(^1,2:2

27TZ 7^ 1 -^

2
-2^7, Tr^r ̂ ^^

/ f / log^^ 2^ 2 ($i,$2)d^Ad$2

d$i

d$i
JT L^D 1 - -Z2$2 ^^2(2^)2 7r [̂ 6 --zi

Wl, ̂
d<7(^

J $1 - ZlT 1 — $2^2

^1-^1 |29a-i
($i,^)d$iAd$i

1-^1-21 I 9zi

- 2^ / ^"'^'^i^K^dg^)Z7r? JT ?i|si — ^ilz\
_^_ f K^z^)
Im JT $1 - -zi

-/[/•logm) JT UD

+ d<T($i)

^^(^^d^Ad^l,———
d^i

1 - S2-Z2 C'^2 J ^1 - Zi(27TZ)2 JT [j^

d^i1 / • [ / • 1-1^2|2
2^2(^l,6)d(7(6)^ L(2m) JTUT^2-Z2 ^i -2:1

^2(^2)
^f2m J^. d^ida(^).+

27T% j^^ (^ - ̂ 2)(^1 - Zl)
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114 U.CEGRELL

• We estimate the first term as follows. Since

fi. - _ 9 ^ lHi= w+w
we get :

9Hi (9/i/^i7i+^2/^1/2)^19g ^i
-2-^99z, 9z, (|/i|2+|^|2)

( I / I2+1/212 )

1 /? /O
Choose 6 so that ———l— (1 + e) == 1. Then

1 i~ £ j Z

±/^ JD log
Zl-^i 2ggi

l-^l-^l 9zi
• d^i A d^i

J- [ loe ^-^ 'l^g/^il \9\l-s/2

^ JD 1 - ̂ ^i l^l1-'/2 (|/J2 + |^|2)1+£/2

(l^i/^il^l^^il2)172 „ , ,,-x ———————————-T-—7-—— d^i A d^i
(1/12+1/2|2 )1 / 2 -£ / 2

27T /£>

27r /D
log

^1-^1

-^1^1 (l/12+l^l2)1^

IffI

J^/^^l^/^l2

(l/lP+l^l2)1"6

^1-gl ^gg/^ll2

1-^1 l5l2-6
d^i A d^

'|5/:1 /'Inr ^~^ 'f}ah/azl 2 I l^^l2]^ ..-^J^r^ [^l2^+^F2^jd^Adcl

1/2

^/.log^^2[%^^^^w-2£]d^^
^ / iog ̂  ̂ i^1/26 JD i - 6^i^\62 JD I l-^i

^/^r^2
1/2

'(AI/il^+AI/al26)

J_|J_ /"
27rl'4£27^ log
2 7 r l 4 £ 2 y ^ ^ll-^i

^1-^1 |2
(AI/i^+AI/al26)
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Weiw^^^6^-^^

^ ̂ S (lAI26 + W d<T(6) - l/l^.^l26 - |/2(^2
|2£

/r ki-^il2

+ 4J2 [̂  ̂ J^ w£ + ̂  d<7(^ - l-^'^l26 - \f^^\2£}

^+1fe e1

by Riesz representation theorem.
• The second term is bounded by ll^illz/oo and as above, we can prove

that

27T JD
log ^2-6 |2 9H^

-(^1^2)d^ A d^ < -+-.
<5£ £2^ J D 1 1 - ̂ 2^2 I 9^2

Since the last term is analytic it can be removed and therefore the proof
of the theorem is complete.

REMARK
There exist K € L°°(T) such that there is no / G H(D x D) with

Z2 f ^Ld^+/cLOO(DxD).
JT S — z!

For if K € L°°(T) but f K(^- d^ ^ L°°(D), there exists for every m a
7r s — z

harmonic polynomial Pm with

f\Pm(z)\da(z)=l but ^(0
/r ̂ r ^ - ̂

so if / is any function in ^(D x D) then

d^P(z)da(z)\ ̂ m

^{^^^^d^+/(^1^24;'2p(^)da(/^l)da(/^2)
^ l//^d?)d,«).^^) >m,

JT JT s — ^i

^2 / ^ (^+/(^^2)^^0 0(^XD).
^T ^ - ̂ 1

so

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



116 U. CEGRELL

REMARK
It follows from the proof of the theorem that the equation

9V H~^~~ = -"la^i
^2T/- ^j_r

has a bounded solution V. (In particular, = ——1- 5 cf. CHANG [2]).
dz\ dz^ dz^

Take V to be :

^1^2) = -^ f log ^——^ 2^1 ̂  A d^7rz J D l-^l^l ^i

- / ——^^^(^2)da(^).
JT Ul^l - ̂ l|

Then, V eL°°(DxD) and

ay 9 r -2 /• zi-^i 2^!/, ,„ , „
Q— = Q— - ̂  / ^S -i——^— ^— (^1^2) d^i A d^i9^1 9^i [_ TTZ J D 1 - ̂ i 92;i

- —— / ————H^z,)d^^ d^il
27TZ 7p 1 -$1^1 J

9 r i r î( î) -1
= ̂ - 7.— / —.———— cl̂ i A d^i == ̂ i.

B î [ 2m JD £,1- zi \
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