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476 CLUCKERS (R.) & HERREMANS (A.)

REsSUME (Théoréme fondamental des espaces vectoriels préhomogénes modulo p™.
Avec un appendice par F. Sato)

Soit K un corps de nombres avec anneaux d’entiers Ok ; nous prouvons un ana-
logue, sur des anneaux finis de la forme Ok /P™, du théoréme fondamental sur la
transformation de Fourier de 'invariante relative d’un espace vectoriel préhomogeéne.
Ici, P est un idéal premier assez grand de O et m > 1. Dans ’appendice, F. Sato
donne une application des théorémes 1.1, 1.3 et des théorémes A, B, C de J. Denef
et A. Gyoja [Character sums associated to prehomogeneous vector spaces, Compos.
Math., 113 (1998), 237-346| a I’équation fonctionelle de L-fonctions de type Dirichlet
associées aux espaces vectorielles préhomogénes.

1. Introduction

We prove an analogue over finite rings of the fundamental theorem on the
Fourier transform of a relative invariant of prehomogeneous vector spaces. In
general, this fundamental theorem expresses the Fourier transform of x(f),
with x a multiplicative (quasi-)character and f a relative invariant, in terms
of x(f¥)~!, with fV the dual relative invariant. Roughly speaking, M. Sato [18]
proved the fundamental theorem over archimedian local fields, J. Igusa [7] over
p-adic number fields, and J. Denef and A.Gyoja [5] over finite fields of big
enough characteristic. In [9], the regular finite field case is reproved. When the
prehomogeneous vector space is regular and defined over a number field K we
prove an analogue of the fundamental theorem over rings of the form Ok /P™,
where P is a big enough prime ideal of the ring of integers O of K and m > 1,
see Theorem 1.1. This result is derived from the results of [5] by using explicit
calculations of exponential sums over the rings Og /P™.

In [16], F. Sato introduces L-functions of Dirichlet type associated to regular
prehomogeneous vector spaces. In the appendix by F. Sato to this paper, our
results are used to obtain functional equations for these L-functions and, under
extra conditions, their entireness.

To state the main results, we fix our notation on prehomogeneous vector
spaces. Let (G, p,V) be a reductive prehomogeneous vector space, meaning
that G is a connected complex linear reductive algebraic group, p : G — GL(V)
is a finite dimensional rational representation, and V has an open G-orbit
which is denoted by Q. Assume that (G,p,V) has a relative invariant
0 # f € C[V] with character ¢ € Hom(G,C*), that is, f(gv) = ¢(g)f(v) for
all g € G and v € V. We assume that f is a regular relative invariant, namely,
Q=V\ f1(0) is a single G-orbit. Writing p¥ : G — GL(V") for the dual
of p, (G, p"¥,VV) is also a prehomogeneous vector space, with an open G-orbit
which is denoted by QV, and there exists a relative invariant 0 # f¥ € C[V"V]
whose character is ¢~!. Then QY = V¥ \ f¥~1(0). The map F := gradlog f is
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FUNDAMENTAL THEOREM MODULO p™ 477

an isomorphism between 2 and QY with inverse F'V := gradlog f¥. One has
dimV =dim VY =:n and deg f = deg f¥ =: d.

Let K be a number field with ring of integers Ok. Suppose that (G, p,V)
is defined over K. We fix a basis of the K-vector space V(K) and we suppose
that f is in K[V] and has coefficients in Ok (with respect to the fixed K-basis
of V(K)). Similarly we suppose that fV is in K[VV] and has coefficients in Ok
(with respect to the basis of Vv dual to the fixed basis of V). Write V(Ok) for
the points of V(K) with coefficients in O (with respect to the fixed K-basis
of V(K)), and similarly for V¥(Og). For I an ideal of O, write V(O /I) for
the reduction modulo I of the lattice V(Ok).

The Bernstein-Sato polynomial b(s) of f is defined by

¥ (grad, ) f ()" = b(s) f(x)°.
Write by for the coefficient of the term of highest degree of b(s); one has by € K.

The following theorem is an analogue of the fundamental theorem for pre-
homogeneous vector spaces.

THEOREM 1.1. — Let m > 2 be an integer, P be a prime ideal of Ok above a
big enough prime p € Z, x be a primitive multiplicative character modulo P™
(extended by zero outside the multiplicative units), and let ¢ be a primitive
additive character modulo P™. Write q :== #(Ok/P). For L € VY(Og/P™)
write
sSm= Y x(f@)s(L@).
z€V (O /P™)
Then the following hold:

1) if fY(L) # 0 mod P, then

> yeowpm X W)Y(Y) ) X(bng(L)—l
dd

S(L) = g™ ( Jatm)" "k (L),

lm

q2
where k¥ (L) and a(x,m) are 1 or —1;
2) if f¥(L) = 0mod P, then S(L) = 0.

The essential (and typical) content of this fundamental theorem is that the
discrete Fourier transform of the function x(f) on V(Og/P™) is equal to the
function x(fV)~! on VV(Ok/P™) times some factors, and vice versa.

The first part of Theorem 1.1 is obtained by combining explicit calculations
of character sums of quadratic functions (§2) and of discrete Fourier trans-
forms (§4), a p-adic version of Morse’s lemma (§3), and results of [5]. The
second part of Theorem 1.1 is established by comparing the Ls-norms of x(f)
and of its discrete Fourier transform.
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478 CLUCKERS (R.) & HERREMANS (A.)

We also obtain explicit formulas for the constants xY(L) and a(y,m) of
Theorem 1.1, by using work in [5] and elementary calculations. To state these
formulas we use the notion of the discriminant of a matrix, as in [5, 9.1.0].

DEFINITION 1.2. — For a symmetric (n,n)-matrix A with entries in a field k,
if XXAX = diag (ai,...,am,0,...,0) with X €GL,(k), !X its transposed,
and a; € k™, put

A(A) =[] ai € K /K2,

i=1

with kX2 the squares in k%, and call it the discriminant of A.

Write kp for the finite field Og /P and kj? for the squares in kj. For
m > 1 and L in VV(Og/P™) with fY(L) # 0 mod P, denote by h¥(L) the
image in k% /k3? of the discriminant of the matrix (8%log f¥(L)/dy;0y;)sj,
where {y1,...,yn} is the previously fixed K-basis of V" (K). Write x for the
Legendre symbol mod P. We then obtain

THEOREM 1.3. — The following hold in case 1) of Theorem 1.1:

1) K¥(L) = x3 (=d2" "RV (L))™;
2) a(x,m) =1 for m even;
3) a(x,m) = G(X%Jﬁ/)/\/a for m odd, with ' any additive character de-

fined by y — x(1 + wg_ly), wp any element in P of P-adic order 1,
X1 the Legendre symbol mod P, and G(.,.) the classical Gauss sum.

REMARK 1.4. — It is interesting to compare the formulas of Theorems 1.1
and 1.3 to the formulas for m = 1 given in [5]; it seems that for m = 1 the
formulas depend more on subtle information of the Bernstein-Sato polynomial

of f.

Acknowledgement. — The authors would like to express gratitude to Jan Denef
and Akihiko Gyoja for many helpful comments during the preparation of this
paper. We are indebted to Jan Denef for giving the essential outline of the
proofs of the main results, and to Fumihiro Sato for agreeing on writing an
appendix to this paper.
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FUNDAMENTAL THEOREM MODULO p™ 479

2. Preliminaries on character sums

Let x be a multiplicative character mod P™, extended by zero for a =0
mod P. Say that x is induced by a character y; mod P" for n < m if
Xx1(a mod P™) = x(a) for all a € Og/P™. Call x primitive mod P™ if there
exists no such n < m and x; mod P™ such that x is induced by xi. Anal-
ogously, call an additive character ¥ mod P™ on Ok primitive if it is not
induced by a character ¥; mod P™ for n < m. Let f be a polynomial in n vari-
ables over Ok. If we evaluate > x(f(z)) mod P™, with x primitive mod P™
for some m > 1, it is well known that only the critical points mod P contribute
to the sum, i.e. the elements ¢ € Og /P™ for which grad(f)|. = 0 mod P. The
following is an extension of this result.

PROPOSITION 2.1. — Let P be a prime ideal of O, m > 1 an integer, x a
primitive multiplicative character mod P™ and f € Ok[z] a polynomial in n
variables. Define Sy as

(2.1) Sp= Y. x(f().

z€(Or /P™)™
Then

Sy = > x(f@),

2€(Ok /P™)"

vp (grad(f) |3) > 4 (m—1)
where vp(grad(f)|,) is the minimum of the P-valuations of Of/0x;|,
for j=1,...,n. Moreover, the same formulas hold for an additive char-
acter v instead of x.

Proof. — We treat the case that f is a function of one variable; the general
case is completely analogous. It suffices to prove that

S¢(i,c) = > x(f@)
z€e O /P™
vp (F(2))=i
z=c mod P™ 71
is zero for every i < (m — 1) and every ¢ € Og /P™ "L If f(c) = 0 mod P,
then Sf(i,c) is trivially zero. Suppose f(c) # 0 mod P. Let mp be in P of
P-adic order 1. Writing f(x) as a polynomial in (z — ¢), we get the equalities

(2.2) Silie)= Y. x(fO+@-of(c)+)
z€ Ok /P™
vp (f'(x))=i

z=c mod P71
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480 CLUCKERS (R.) & HERREMANS (A.)

(2.3 (@) Y x(1+@-9f)

= OK/Pm f(c)
vp (f(2))=i
z=c mod P™ i1
(2.4) =¢'x(f(0) Y. x(1+7p " 2a) =0,

z€ Ok /P

with « a unit in Ok /P. Equality (2.3) comes from the fact that the P-valuation
of the terms of degree > 2 in x — ¢ are at least m. Indeed 2m — 2i — 2 > m
if i < 1(m—2) ori < 3(m —1). Either there are no terms in (2.3) and then
it is automatically zero, or, there are terms and then equality (2.4) follows
immediately. We conclude that the sum (2.4) is zero since we sum a non-trivial
additive character ¢ (z) := x(1 + 75~ 'az) over Ok /P; 9 is indeed non-trivial
since x is primitive. O

DEFINITION 2.2. — Let P be a prime ideal of Ok not containing 2 and let
m > 1 be an integer. Let x, resp. ©¥, be a primitive multiplicative, resp.
primitive additive, character mod P™. Then, put

dem) = Y xl+a?), a@wm)= > ).

re OK/Pm xe OK/PT"

One can calculate the value of &(x, m), using Proposition 2.1 in an elemen-
tary way, to obtain the following lemma.
LEMMA 2.3. — With the assumptions and notation of Definition 2.2, the fol-
lowing hold

e a(x,m)= g™ if m is even;

e a(x,m) = q%(m’l)G(X%,@[J’) if m is odd. Herein, X3 is the Legendre

symbol mod P, ¢’ is any additive character defined by y — x(1 +7rg”_1y)

with mp any element in P of P-adic order 1, and G(.,.) is the classical
Gauss sum.

Similar formulas can be obtained for a(v,m) with ¢ a primitive additive
character modulo P™. This lemma and an induction argument yield the fol-
lowing proposition.

PROPOSITION 2.4. — Use the assumptions and notation of Definition 2.2.
Let f be a polynomial in n variables over Ok of the form

f(z) =ap+ a12? + - + apz?,

with ag, aq,...,a, multiplicative units mod P™. Then
St = x(ao)xy(agar - - an)™a(x, m)"
with X1 the Legendre symbol mod P, and Sy as in (2.1).
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FUNDAMENTAL THEOREM MODULO p™ 481

3. A p-adic analogue of the lemma of Morse

We prove an analogue of the Morse’s lemma (originally formulated for C*°
functions on real manifolds), for p-adic analytic functions. This lemma is nor-
mally stated as a local property, but here we can work with fixed (large) neigh-
borhoods. To deal with the fact that Z, is totally disconnected, we will use a
global notion of analycity for p-adic maps. Results in this section also hold for
finite field extensions of Q.

By a p-adic manifold we mean a p-adic manifold as defined in [2] or equiva-
lently [20], Section 3.

DEFINITION 3.1. — Let A C Zy be open.

— Call a function f : A — Z, globally analytic if there is a power series
3" ¢zt € Zy[[x]] which converges on A such that f(z) = 3" ¢;z° for each z € A,
with 2 = (@1,...,2,), i = (i1,...,%,) and z* = [[j_, :c;”

— Call f analytic if there is a finite cover of A by opens U such that the
restriction of f to each U is globally analytic. Similarly, call a map f : A C
Zy — Zy" analytic if it is given by analytic functions on A. An analytic bijection
with analytic inverse is called bi-analytic.

— For an analytic function f : A C Z; — Z,, define the gradient of f
ina€ A as

af af
grad(f)\a: (Twl aw--,@ a)
and the Hessian of f in a as
0% f
HS(f)\a o <8xi8xj ‘a)zg-

— Say that a is a critical point if grad(f)|, = 0 and call the critical point
a € A non-degenerate if det(Hs(f)|,) # 0. Call a € A a non-degenerate critical
point modulo p if grad(f)|, = 0 mod p and det(Hs(f)|,) # 0 mod p.

Let M C Z;, be a compact p-adic manifold of pure dimension d and f : M —
Z, an analytic function. Then there exists a finite disjoint cover of M by opens
U; and analytic isometries m; from U; to open balls in Zg such that the maps
fom, ! are globally analytic, see e.g. [20], Section 3.

— Call a point a € U; C M a critical point of f if 7;(a) is a critical point of
fom, ! as defined above. Similarly we speak of non-degenerate critical points

and non-degenerate critical point modulo p. This is independent of the choice
of U; and m;.

The next lemma is a p-adic variant of the inverse function theorem.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



482 CLUCKERS (R.) & HERREMANS (A.)

LEMMA 3.2 (see [8, Cor. 2.2.1]). — Suppose that g1,...,9n € Zp[[x1,...,zx]]
satisfy det(9g;/0x;|0)i; # 0 mod p and g;(0) =0mod p fori=1,...,n. Then
the map

9+ (pLp)" — (PZp)", = +— (91(2), ..., gn(2))
is (globally) bi-analytic.

The following is a p-adic analogue of the Morse’s lemma. The proof goes
along the same lines as in [10] and we refer to [10], Lemma 2.2 for the details.

LEMMA 3.3 (Morse). — Let p # 2 and let f : (pZp)™ — pZ, be a globally
analytic map (thus f is given by a single power series in Zy|[x]]) such that 0 is
a non-degenerate critical point modulo p. Then there is a unique critical point c
of f and there is a (globally) bi-analytic map

T: (pZy)" — (pZp)", x+—T(z)=1u
such that .
f(z)=flc)+ Z aiu?, for all z € (pZy)",

i=1

with a; in Zyy . Moreover, x1 (H) = x1([]; ai) with H = 27" det(Hs(f))c).

Proof. — The uniqueness of the critical point ¢ is proved in Lemma 3.4 below.
We may suppose that f(0) = 0 and ¢ = 0. We can write f(z) =3, ; z;7;hi;(z)
with h;;(z) € Z,[[z]] and since p # 2 we can assume that h;; = hj;. Suppose by
induction that we have a (globally) bi-analytic map T,_1 : (pZp)"™ — (pZp)™ :
x +— u such that for each z € (pZ,)"

r—1
f(ZE) = Zaiuf + Z uiujHij(u),
i=1

6,j2>r
with Hij(u) € Zp[[u]], Hij = Hji and a; € Z; We have

det (Hs(f)|o) = Adet (Hii(o))ij
with X a unit in Z,, so det(H;;(0));; # 0 mod p and after a linear change in
the last n — r + 1 coordinates we may assume that H,.(0) #Z 0 mod p. Put
ar = H,-(0). Then H,.(u)/a, = 1 mod p for each v € (pZp,)™. There is a
well-defined square root function /" : 1+ pZ, — 1+ pZ, which is (globally)
analytic. Put

g(u) = \/ Hyr(u)/a,
for u € (pZy,)™. Then, g is (globally) analytic on (pZ,)". We can now define a
(globally) analytic map T, _; : (pZ,)™ — (pZp)™ : u+— T} _(u) = (v;) by

v; =u; if i #7r and vrzg(u)(u,n—i-ZuHL(u)).
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Clearly we have that det(dv;/0u;|o) = g(0) # 0 mod p, thus, the map T} _; is
(globally) bi-analytic by Lemma 3.2. Put T, = T_; o T,_;. We then obtain
for all x € (pZp)™ and v = T, (x)

fl@) = aw} + Y vivHjj(v),
=1 0,J>1
with H/;(v) € Z[[v]]. This finishes the induction argument.
The equality x1 (det(Hs(f)|o) = x1 ([]; 2a:) follows by a classical argument
as in [10]. To finish the proof we only have to prove the Lemma below. O

LEMMA 3.4. — Letp # 2 and let f : (pZ,)™ — pZ, be a globally analytic map
(i.e., given by a power series in Zy|[x]]) such that 0 is a non-degenerate critical
point modulo p. Then f has a unique critical point ¢ € (pZy)"™ and this is a
non-degenerate critical point.

Proof. — We can write

f(z) = f(0) + Zail’i +9(z)

with g(z) = 3, zix;hij(x) for some h;; € Zy[[x]]. Since 0 is a non-degenerate
critical point of f modulo p, we see that a; = 0 mod p and det(Hs(g)|o) # 0
mod p. By Lemma 3.2 the map

T : (pZy)" — (pZyp)", = — grad(g)|, = (;—i(x), o aign (x))

is a bi-analytic bijection. A fortiori, there is a unique point ¢ € (pZ,)" such that
T(c) = (—ai,...,—ay). Since grad(f)|, = grad(g)|, + (a1,...,a,), the condi-
tion T'(z) = (—a1,...,—ay,) is equivalent with the condition grad(f), = 0 for
x € (pZyp)™. Thus cis the unique critical point of f. Moreover, det(Hs(f)|.) # 0
since det(Hs(f)|.) = det(Hs(f)|o) # 0 mod p. O

Finally, we give an application of Morse’s lemma to calculate character sums
of polynomials.

PROPOSITION 3.5. — Let p # 2, let f € Zp[z1,...,z,] be a polynomial, and
let X be a smooth subvariety of A%p (smooth wvariety meaning a separated,
reduced, irreducible scheme of finite type and smooth over Z,). Let M be the
compact p-adic variety X (Z,) \ f~*(pZ,) and write d for the dimension of M.

Let x be a primitive multiplicative character mod p™, m > 1. Let c1,...,¢q
in M be the critical points of f|pr : M — Z, and suppose that the critical points
c1,...,Co are non-degenerate modulo p. Put
Sp= Y. x(f@)
z€X(Zp/p™Lp)
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Then the following holds
Sp =Y x(fe)xy (f(e:) He,) " a(x, m)*,

with He, = 27*A(Hs(f)|c,), &(x,m) as in Section 2, and A the discriminant
as defined in 1.2.

Proof. — That M is a compact p-adic variety follows from Hensel’s lemma,
by using Taylor expansions for the equations defining X around points in Zj
with different residues mod p. Similarly, there is a cover of M by finitely many
disjoint compact opens U such that for each U there is an analytic isometry
m:U — (pZp)?. For i = 1,...,r, let U; be the open in this cover contain-
ing ¢; and we write 7; for the corresponding isometry. By Proposition 2.1 and
Lemma 3.4 it follows that S; = 375_; Sf(c;) where

Spe) = Y x(fom '(@).

z€(PLy/p™Lyp)?

By Morse’s lemma we can find for each critical point ¢; a bi-analytic isometric
transformation T; : (pZ,)? — (pZ,)¢ such that

d
flz) = fle) + Zaju? for all z € U; and u = T;(m;(x)),

with a; in Z; and x1 (Hc,) = x1 ([]; a;). We can now calculate
d
(3.1) Sic)= 3 x(f(ci) + Z aju;%)
u€(pZ/pmL)* J
(3.2) = X(f Z aﬂt?)
u€(Z/pmZ)?
(3.3) = (f (c) H aj) X, m

= x(fe))xy (f(e) ci) a(x, m)?.

Equality (3.1) is clear. Also equality (3.2) is easy and follows by similar argu-
ments as in the proof of Proposition 2.1. Equality (3.3) comes from Proposi-
tion 2.4 and the last equality holds because x1 (H,) = x1(I[; a;)- O
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4. Discrete Fourier transforms of characters of homogeneous polynomials

Let P be a prime ideal of Ok and let m7p € P be of P-adic order 1.
Let L(z) = Y.i—;a;xz; be a linear form on (Og/P™)", with m > 1 and
a; € O /P™. Let f € Ok[x] be a homogeneous polynomial of degree d and

let x, resp. 9, be a primitive multiplicative, resp. primitive additive, character
modP™.

We will calculate the discrete Fourier transform of x(f), defined by
Smy= Y, x(f@)v(L@).
z€(Og /P™)"

After a linear change of variables one can assume that the P-valuation of a;

is minimal among the vp(a;). Write
k:=vp(a;) and L(zx)=7p(aiz) + ahry + -+ alz,)
for some a} € O /P™. After applying the invertible linear transformation
(T1y ey @y) — (@iT1 + - + Al T, T2y - ., Th),

one reduces to the case that L(z) = 7T;€;l‘1. This reduction is used in the proof
of the following result.

PROPOSITION 4.1. — Let P be a prime ideal of Ok and let mp € P be of
P-adic order 1. Let L(z) = Y i—q a;xz; be a linear form on (Og/P™)", with
m > 1 and a; € Og/P™. Let f € Oglz] be a homogeneous polynomial of
degree d and let x, (resp. ¥), be a primitive multiplicative, (resp. primitive
additive, character modP™). Put k := min;—1 ., vp(a;) and

sSm = Y, x(f@)w(L@).
z€(Ok /P™)"
IfPtd, then S(L) =0 if k # 0 and
sw=( Y ¥wew)( X x(f@)) k=0

yeOK /P™ z€(Ok /P™)"
L(z)=1 mod P™
Proof. — As explained in the previous discussion, we may assume that
L(z) = 71'43361, with mp € P of P-adic order 1. We split up the sum depending
on the P-valuation of z;. Let us denote by A, the subsum of S(L) over the
elements = with vp(z1) = j. So, S(L) = Y7L Ajk, with

A= > x(fymh, D) (™),
ye(OK /P™ )X
T1=Yym,

2€(OK /P!
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where Z := (23, ..., %,). Rewrite ¢/ A as
(4.1) Y x(fwmh,2)v(rp )
YE(©Ok /P
z€(Og /P™)" 1
(4.2) = > x(Frh,yd) (s y)
YE(Ox /P

z€(Og /P™)" 1

(4.3)

> x v (rhty) ST x(f(nh,2))

yeOK /P™ TE(OK /Pm)n—1

Equality (4.1) holds because only the value of y mod P™~7 is relevant. Equal-
ity (4.2) is just substituting T = (o, ...,2,) by yT = (yz2,...,yx,); since y is
a unit the set over which we sum does not change. The last equality uses that f
is homogeneous of degree d and the fact that x%(y) = 0 if y & (Ox/P™)*.

We want to prove that all A are zero except when k = j = 0. Since P { d,
we have that x? is still a primitive character modP™. Therefore, there exists
an a € Ok /P™ such that @ = 1 mod P™! and x%(a) # 1 (see Section 2).
By a classical argument, we obtain

Y Xty = > xHay)plansty)
yeOK /P™ yeOk /P™

= x%a) Y X' W5 "y),

yEOK/Pm

if 7 + k > 1. Indeed, the first equation is just substituting y by ay, where a
is a unit. The second uses the fact that x¢ is multiplicative and since a = 1
mod P!, we have ay =y mod P™*=7 if j + k > 1.

Since x%(a) # 1, we conclude that
> X ty) =o.

yE(’)K/'Pm

Note that when j +k > m this sum is just }7 co, /pm x%(y) which is directly
seen to be zero. This proves the proposition since only Agg is non-zero by equal-
ity (4.3). This argument can also be found in [24], Chapter VII, Prop. 13. O

5. Applications to prehomogeneous vector spaces

We use the notation and the asumptions from the introduction.
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Proof of Theorem 1.1. — For any v¥ € V¥ let H(vY) be the hyperplane in V
defined by v¥(z) — 1. By [5, Lemma 9.1.2] and [5, Lemma 9.1.7], for any v"
with f¥(v¥) # 0, the restriction figv)no has the point d~'F¥(v¥) as its
unique critical point and it is a non-degenerate critical point. The fact that
this holds for all v¥ with f¥(vY) # 0 is a first order statement (in the language
of rings), and hence, the analogue statement is true over finite fields of big
enough characteristic. That is, for all prime ideals P of Ok above big enough
primes p € Z with residue field kp, for all v¥ € VV(kp) with f¥(v¥) # 0,
the point d~1F(v¥) is the unique critical point of flH@WV)NQkp) and it is a
non-degenerate critical point.

Take a prime ideal P above a big enough prime p. Choose L € VV(Og /P™)
with f¥(L) # 0 mod P. Let Ly € V¥(Ok) lie above L. Let ¢ be d~'FY(Ly).
Let R be the valuation ring of the P-adic completion of K. Since P is supposed
to lie above a big enough prime p € Z, we may suppose that d is invertible
in R, and hence, c lies in V(R). Make the plane H(Lg) into a vector space by
choosing a zero point in H(Lg)(Ok). Take a basis of the lattice H(Ly)(Ok)
in H(Lg) and take coordinates on H (L) with respect to this basis. Let H,
be 277! times the determinant of the Hessian in ¢ of fiH(L,), expressed in
these coordinates. Since p € Z is big enough and by the above discussion,
H, lies in R and H. mod P is nonzero in Ok /P, and this is so uniformly
in L e VY(Og/P™).

Then,

61 5@ =( ¥ x¥wvw)( X x(w))
yeOk /P™ z€V (O /P™)

L(z)=1 mod P™

(52 =( 3 X@P®)x(F©)xs (Fe)" H) "E0,m)" !

yGOK/Pm

(53) = q%mn<ZoK/Pm Xd(y)¢(y))x(b0fv(L)_1)EV(L)a(X’m)n—l

)

q%m dae q%(nfl)m
with xY(L) = (f(c)"_ch)m. Equality (5.1) follows from Proposi-

tion 4.1. We obtam (5.2) from Proposition 3.5. If we now use the fact
that f(c) = d=3f(FY(L)) = d~%ofY(L)~! (see [5, Lemma 9.1.2] and [6,
Lemma 1.8]), equation (5.3) and thus case 1) of the theorem follows with
KY(L) = x1 (f(e)" " He)™ and a(x,m) = a(x, m)" ! /g2 (n=1m.

Now we prove case 2) of Theorem 1.1 with a technique of N. Kawanaka. The
function S : Hom((Og /P™)", Ok /P™) — C, L — S(L) is the discrete Fourier
transform of x(f) : (Ox/P™)" — C,  — x(f(z)). By a classical result on
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Lo-norms of Fourier transforms on finite abelian groups, it follows that

(5.4) 113 = ™" |Ix(H)]l3 = a™" M,
with Ny := #A and A := {x € V(Ok/P™) | f(z) #Z 0 mod P}.

It follows from the formula in case 1), that |S(L)|> = ¢™" for L € A. Writing
B:=V(Ok/P™)\ A, one has

mn 2
(5.5) 1813 =™+ [sD)l’,
A B
and hence, S(L) =0 for L € B. O

Proof of Theorem 1.3. — The statement about a(x,m) follows from equa-
tion (5.3) and Lemma 2.3. We recall that h¥(L) is defined in the introduction,
and that the number x1 (h¥(L)) is well-defined. We obtain the value of k" (L)
as an immediate corollary of [5, Lemma 9.1.7]. O

Appendix A

L-functions of prehomogeneous vector spaces
(by Fumihiro Sato)

In this note, we give an application of Theorems 1.1 and 1.3 in [3] (and
Theorems A, B, C in [5]) to the functional equation of L-functions of Dirichlet
type associated with prehomogeneous vector spaces, which is a generalization
of Theorem L in [16].

In the following we retain the notation in [3]. However, for simplicity, we
assume that K = Q, Ox = Z and P = (p) with a rational prime p. Let x
be a primitive Dirichlet character with conductor N > 1. We extend x to
Z/NZ by x(a) = 0 for a & (Z/NZ)*. Put m(p) = v,(N), the p-order of N,
for any rational prime p. Since (Z/NZ)* is isomorphic to ]_[Z,‘J\,(Z/pm(p)Z)X7
x induces a primitive character x®) : (Z/p™(P)Z)* — C* for each p | N.

Let (G, p,V) be a reductive prehomogeneous vector space defined over Q.
Let Pi,..., P; be the fundamental relative invariants over QQ, namely, the Q-
irreducible relatively invariant polynomials on V. We denote by ¢; (1 <13 < )
the rational character of G corresponding to P;. The fundamental relative
invariants are determined uniquely up to a non-zero constant multiple in Q*
and any relative invariant in Q[V] is a monomial of them.

We fix a basis of the Q-vector space V(Q) and take a relative invariant
f € Q[V] with coefficients in Z (with respect to the fixed Q-basis of V(Q)).
The character ¢ corresponding to f is defined over Q.

In the following we assume that

TOME 135 — 2007 — N° 4



FUNDAMENTAL THEOREM MODULO p™ 489

A.1) fis a regular relative invariant, namely, Q = V'\ f~1(0) is a single G-orbit;
A.2) for every z € Q(Q), the group of Q-rational characters of the identity
component of G, = {g € G| p(g)z = z} is trivial.

We denote by G+ the identity component of the real Lie group G(R) and put
GF=GT"NG,. Let QR) =Q; U---UQ, be the decomposition into the con-
nected components (in the usual topology). By the assumption A.1), every €;
is a single G1-orbit. Let I'y be an arithmetic subgroup of G(Q) which stabi-
lizes V(Z) and induces the identity mapping on V(Z)/NV(Z). Then the func-
tion V(Z) 3 x — x(f(x)) € C is I'y-invariant and factors through V(Z/NZ).
The L-functions L;(s;x) (1 < i < v) associated with (G, p,V) and x are de-
fined by

‘
Li(s;x) = Z H (2)|77, s =(s1,...,80) € C,

zEFN\(V(Z)ﬂQ )

where p(x) is the volume of the fundamental domain G} /(T'y N GF) with re-
spect to the normalized Haar measure on G (for the normalization of the Haar
measure on G, see [15], §4). By the assumptions A.1), A.2) and [13, Theo-
rem 1.1], the L-functions converge absolutely when the real parts of s1,..., s,
are sufficiently large.

We take a relative invariant fY of the dual prehomogeneous vector space
(G, p¥,VV) with coefficients in Z (with respect to the basis of V¥ dual to
the fixed basis of V) that corresponds to the character ¢~!. Then fv and
(G, p¥, V") satisfy the assumptions A.1) and A.2). Put Q¥ = V' \ f¥~1(0).
We may order the fundamental relative invariants Py,..., P, of (G,p",V")
such that the character corresponding to P, is ¢>i_1

Our final assumption is the following:

A.3) for every prime factor p of N with m(p) > 1 (resp. m(p) = 1), The-
orems 1.1 and 1.3 in [3] (resp. Theorems A, B, C in [5]) hold for x(®
and f.

Let ¢ : Z/NZ — C* be an additive primitive character. By the Chi-
nese remainder theorem, ¢ determines an additive primitive character
Y@ Z/p™P)7 — C* for each p | N. For L € VVY(Z), let us consider the
character sum

SoufiL) = Y x(f@)v(Z@) =1 D x®(f@)y® (L(z)).

z€V(Z/NZ) pIN zeV(Z/pm(P)Z)

Then, by assumptions A.1) and A.3), we have
(A-4) SO ) = x7 (£ (@) [T sy (L)g (X, ),

p|N
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with L mod N € QV(Z/NZ) and where k(L) is the constant x"(L) = %1
given for each (sufficiently large) p by Theorem 1.3 in [3] or Theorems B and C
in [5], and g(x?, f) is a constant independent of L whose explicit value can
be easily seen from Theorems 1.1 and 1.3 in [3] or Theorem A in [5] according
as m(p) > 1 or m(p) = 1. Put

k(L) =] ry(L) and g(x. f) =T 9(x®., 5.
pIN pIN
Now we define the L-functions associated with (G, p¥, V") by
¢

Liv(s;x_l) = Z HV(L)“V(L)X_I(fV(L)) H |PJ'V(L)|_Sj'

Lern\(VV(Z)NQY) J=1

Assumptions A.1), A.2) and [13, Thm. 1.1] again imply that these L-functions
converge absolutely when the real parts of sq, ..., s, are sufficiently large. The
abscissa of absolute convergence is independent of x and .

To describe analytic properties of the L-functions, we need some more nota-
tional preliminaries. Let b(s) = b(s1, ..., s¢) be the Bernstein-Sato polynomial
defined by

14 Vi 0
(A.5) (H Piv(gradm)) H P;(z)% = b(s) H Pi(m)si-—l'

It is known that the function b(s) is a product of inhomogeneous linear forms
$1,...,8¢ of integral coefficients (see [18]). We also need the Bernstein-Sato
polynomial by (s) of f, which is defined by

¥ (grad,) f ()" = by (s) f ().
It is known that the roots of bs(s) are negative rational numbers.

Each of the assumptions A.1) and A.2) implies that there exists a § =
(61,-..,0¢) € (3Z)* such that the relative invariant 1=, Pi(x)%% corresponds
to the character det p(g)? (see [19, Prop. 8] or [18, Prop. 11] for A.1) and [15,
Lemma 4.1] for A.2)).

Finally we recall the fundamental theorem of the theory of prehomogeneous
vector spaces over the real number field R. For ¢ = 1,...,v and s with
Re(s1),---,Re(s¢) > 0, we define a continuous function |P(z)|g,, on V(R) by

s :{ [Tjzi [Pi(@)]% (2 € Q)
& 0 (z & Q).

The function |P(z)|g, depends holomorphically on s and is extended to a tem-

|P(x)

pered distribution on V' (R) depending meromorphically on s € C*. We denote
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the tempered distribution by the same symbol. We can also define the tem-
pered distributions [P (L)|¢,v on VY (R) quite similarly. Then the fundamental
theorem reads

(A.6) /V . ‘P(m)};: exp (2miL(z))dw _Z%J )\PV(L)E;,

where 7,;(s) (4,5 =1,...,v) have elementary (but not explicit) expressions in
terms of the gamma function and the exponential function (see [17], [15]).

THEOREM A.l. — 1) The L-functions L;(s;x) and L} (s;x™') multiplied by
b(s — &) have analytic continuations to holomorphic functions of s in C* and
satisfy the following functional equation

g0 f) - Ly (8 — s x71) = Nhortobdese y " i(s) Li(s; x),

i=1
where d; (1 < i < £) is the degree of the fundamental relative invariant P;
and vy;;(8) is the same as above.

2) Assume that x satisfies at least one of the following conditions:

e m(p) > 2 for some p dividing the conductor N of x;

e the order of X for some p | N with m(p) = 1 is different from the
reduced denominators of the roots of the Bernstein-Sato polynomial by (s).

Then the L-functions L;(s;x) and L} (s;x™1) are entire functions of s in C*.

Since the proof of the theorem is almost the same as the one of Theorem 2
and Corollary 1 of [15], we shall give only an outline of the proof.

Denote by A the ring of adeles of Q and by Ag = H;<oo Qp the ring of
finite adeles of Q. Denote by ®,(z,) the characteristic function of V(Z,) and
put @o(20) = [[p<co Pp(wp) for zg = (z,) € Ag. The function ®o(zo) is the
characteristic function of [], ., V(Zp). Let ®o () be a rapidly decreasing
C*-function on V(R) and define a function ®, on V(A) by

D, (x) 0o (Too) H x(p) :cp) Dq(z0) (a: = (Zoo, To) € V(A)).
p|N

The function ®,, is a Schwartz-Bruhat function on V' (A) and the Poisson sum-
mation formula implies the identity

A7) > o (plg)r) =|detp(g)|,” S By (p'(9)L) (g€ G(A)),

zeV(Q) LevV(Q)

where @X is the Fourier transform of ®,, which is defined by an additive char-
acter of A/Q of conductor 1, more specifically, the additive character whose
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p-component is of conductor 1 and coincides with ) (Nz) on p‘m(p)Zp if p
divides N. It is easy to see that

(A8) &, (L) = N""S(x, f; NLo)®o(N Lo)® oo (Loo),

with L = (Lo, Lo) € VY(A) and n = dim V. We note here that the function
S(x, f; L) originally defined on V¥(Z) can naturally be extended to a function
on [[,.o V"(Zp). By the usual technique of unfolding, we have

(A.9) / H |67 (900)]" D @y (p(goo, 1)7) dg oo
/TN j=1 zeQ(Q) v s
=Y Li(s;x){|P@)5 %, Poo ).
i=1
By the identities (A.4) and (A.8), we also have

/G+/ H|¢’J(goo)|_s’ > 8,(p" (9o, 1)L) dgeo

Iy j=1 LeQV(Q)

_ NEadsning ZL (5 (IP D)5 Bec).

Now Theorem A.l can be proved in the same manner as in [15, §6] by using
these integral representations of the L-functions, the Poisson summation for-
mula (A.7), and the fundamental theorem (A.6) over R. We note here that the
Poisson summation formula (A.7) is used in the form

ST @ (plg)z) = |detp(e)]," D By (p"(9)L) + 1(Dy, ),

ze€Q(Q) LeQv(Q)
where
—1 ~ v
I(®y.0) = |det p(a)] ;" D B (" (9)L) = 3 B (plo)e)
LgQv(Q) zZQ(Q)
The contribution of I(®,,g) to the integral representation contains the infor-

mation on the poles of the L-functions and is in general very hard to calculate
explicitly. However, if we take a test function of the form

Qo (T00) = (HPZ grad )) ( OO)

for a C*°-function ®,  with compact support in Q(R), then I(®,,g) vanishes
and, by using (A.5), we can prove the first assertion of Theorem A.1. If the
assumption of the second assertion of Theorem A.1 is fulfilled, then Theo-
rem 1.1, 2) in [3] and Remark 5.2.3.3 in [5] imply the vanishing of I(®y, (¢oo, 1))
for goo € GT and arbitrary ®., with compact support in Q2(R). The second
assertion of Theorem A.1 follows immediately from this observation.
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REMARK A.2. — The simplest example of the L-functions considered in
this note is the Dirichlet L-function, which is the L-function associated with
(GL1, p,V (1)), where p is the standard 1-dimensional representation of GLj.
Further examples of the L-functions associated with prehomogeneous vector
spaces have been studied in [21], [4], [L1], [12], [22] and [23]. It is noteworthy
that, unlike the case of the Dirichlet L-functions, the L-functions L;(s; x) may
have poles even for non-trivial y, if x does not satisfy any one of the conditions
in Theorem A.1,2) (for concrete examples, see [4, Thm.6.2], [11, Thm. 4.2
and [12, Thm.5]). It is an interesting problem to determine the conditions
on x under which L;(s; x) has actually poles.
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