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THE WKB METHOD AND GEOMETRIC INSTABILITY FOR
NONLINEAR SCHRODINGER EQUATIONS ON SURFACES

BY LAURENT THOMANN

ABSTRACT. — In this paper we are interested in constructing WKB approximations
for the nonlinear cubic Schrédinger equation on a Riemannian surface which has a
stable geodesic. These approximate solutions will lead to some instability properties
of the equation.

REsSUME (Méthode WKB et instabilité géométrique pour les équations de Schrédinger
non linéaires sur des surfaces)

A Taide de la méthode WKB nous construisons des solutions approchées a I’équa-
tion de Schrédinger cubique sur une variété qui posséde une géodésique stable. Cette
construction permet d’obtenir des résultats d’instabilités dans des espaces de Sobolev.

1. Introduction

Let (M, g) be a Riemannian surface (i.e., a Riemannian manifold of dimen-
sion 2), orientable or not. We assume that M is either compact or a compact
perturbation of the euclidian space, so that the Sobolev embeddings are true.
Consider A = A, the Laplace-Beltrami operator. In this paper we are inter-
ested in constructing WKB approximations for the nonlinear cubic Schrédinger
equation
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168 THOMANN (L.)

) { i0su(t, ©) + Au(t, ) = elul®u(t,z), €= =1,

u(0,z) = uo(z) € H° (M),
that is, given a small parameter 0 < h < 1 and an integer N, functions uy (h)
satisfying
(2) i0yun (h) + Auy (h) = elun (h)|*un (k) + Ry (h),
with ||UN(h)||Hn ~ 1 and ||RN(h)||Ha S CNhN.
Here h is introduced so that uy(h) oscillates with frequency ~ %

These approximate solutions to (1) will lead to some instability properties in
the following sense (where h~! will play the role of n):

DEFINITION 1.1. — We say that the Cauchy problem (1) is unstable near 0
in H7(M), if for all C' > 0 there exist times ¢, — 0 and u1 ,, U2, € H? (M)
solutions of (1) so that

1,0 (O)l e (anys w2, (O) oy < C

[[11,n(0) — 2,7 (0)[| o (ar) — O,
. 1
lim sup ”ul,n(tn) - U2,n(tn)”Hf’(M) > §C’
when n — +o0.

This means that the problem is not uniformly well-posed, if we refer to the
following definition:

DEFINITION 1.2. — Let 0 € R. Denote by Bgr, the ball of radius R in H?.
We say that the Cauchy problem (1) is uniformly well-posed in H? if the flow
map

ug € Bro N HY (M) — ®;(ug) € H° (M),

is uniformly continuous for any t.
We now state our instability result:

PROPOSITION 1.3. — Let 0 < ¢ < L, and assume that M has a stable and

4’
non degenerated periodic geodesic (see Assumptions 1 and 2 ), then the Cauchy

problem (1) is not uniformly well-posed.

This problem is motivated by the following results: Let (M, g) be a riemannian
compact surface, then in [5], N. Burq, P. Gérard and N. Tzvetkov prove that
(1) is uniformly well-posed in H°(M) for o > L. Whereas, in [4], they show
that (1) is unstable on the sphere S? for 0 < ¢ < 7. In fact they construct
solutions of (1) of the form

(3) wE(t, z) = ket (i, () + Tt 7)),
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where 0 < k < 1, ¥, = (z1 + iz2)" is a spherical harmonic which concentrates
on the equator of the sphere when n — +o00 and where 7, is an error term
which is small. To obtain instability, they consider k,, — &, then

[u(0) = up™ (0)|| o (s2) S |& = K| — 0,

but

iy (tn) = upy™ (tn) e s2) 2wl — et | — 26,

with a suitable choice of t,, — 0.

We follow this strategy but as the surface is not rotation invariant, the ansatz
will be more complicated than (3).

This result is sharp, because in [6] they show that (1) is uniformly well-posed
on S? when o > 1.

On the other hand, in [3] J. Bourgain shows that (1) is uniformly well-posed
on the rational torus T? when o > 0.

These results show how the geometry of M can lead to instability for the
equation (1). Therefore it seems reasonable to obtain a result like Proposition
1.3 with purely geometric assumptions.

We first make the following assumption on M:
ASSUMPTION 1. — The manifold M has a periodic geodesic.

Denote by + such a geodesic, then there exists a system of coordinates (s, r)
near v, say for (s,r) € S'x] — rg, o[, called Fermi coordinates such that (see
[13], p. 80)

1. The curve r = 0 is the geodesic v parametrized by arclength and

2. The curves s = constant are geodesics parametrized by arclength. The
curves r = constant meet these curves perpendicularly.

3. In this system the metric writes

=<1 0 )
g 0a%(s,r) )’

We set the length of v equal to 2w. Denote by R(s,r) the Gauss curvature at
(s,r), then a is the unique solution of

2
ga + R(s,r)a =0,
(4) or?
Oa
a(s,0) =1, E(S,O) =0.
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The initial conditions traduce the fact that the curve r = 0 is a unit-speed
geodesic. In these coordinates the Laplace-Beltrami operator is

1 1 1 1
A= ——di V) = Z0,(= = :
detgdlv( detg g7 V) aas(aas) + a&,(a&)

A function on M, defined locally near 7, can be identified with a function of
[0, 2] X] — 79, ro[ such that

V(s,r) € [0,27]X] — ro,m0[ f(s+2m,1r) = f(s,wr)

where w = 1 if M is orientable and w = —1 if M is not. Define

1
(5) wy = i(w —-1) e {-1,0}.
From (4) we deduce that a admits the Taylor expansion
1
(6) a=1- iR(s)r2 + R3(s)r® + -+ + Ry(s)rP + o(rP),
with R(s) = R(s,0) and
1 d%a
(7) Ri(s) = EW(S’O)’

for k > 3.

As a(s + 2m,r) = a(s,wr), we deduce R(s + 2m) = R(s) and for all j > 3,
R;i(s+2m) = wIR;(s).

Let py = G%UZ + p? be the principal symbol of A, and

d _Opy 20 d _ Op

@ _ _2o 4a _ (a2

dts(t) 0o  a?’ dta( ) 0s as(aQ)U ’
8) 4o _y 4 _ O 51,

dtr(t) Op 2p, dtp(t) or 8T((LQ )o

5(0) = s9, 0(0) = d0,7(0) = 70, p(0) = po,

its associated hamiltonian system, where py = pa(s(t),r(t),o(t), p(t)). The
system (8) admits a unique solution and defines the hamiltonian flow

@y : (s0,00,70, p0) — (s(t), o (t), 7(t), p(t)).

The curve T' = {(s(t) = t,0(t) = 1/2,r(t) = 0, p(t) = 0),¢t € [0,2x]} is solution
of (8) and its projection in the (s,r) space is the curve 4. Now denote by ¢
the Poincaré map associated to the trajectory I' and to the hyperplane ¥ =
{s = 0}. There exists a neighborhood N of (¢ = 1/2,r = 0,p = 0) such
that the following makes sense: solve the system (8) with the initial conditions
(0,00,70,p0) € {0} x N and let T be such that s(T) = 27, then ¢ is the
application

¢ : (ro, po) — (r(T), p(T)).
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Moreover, the Poincaré map is continuously differentiable (see [14] p. 193). To
obtain its differential d¢(0,0) at (0,0), we linearize the system (8) about the
orbit T, i.e.,

d d
as(t) = 20, aa(t) =0,
9) d d 1
ar(t) = 2p, &P(t) = _§R(S(t))r’

then o = 1, s(¢) =t and

(10) jt(p) - (—g/2§> (p)

Hence the application d¢(0,0) is
(11) d¢(0,0) : (ro, po) — (r(2m), p(2m)),

where (r, p) solves (10). As d¢(0,0) is symplectic, it admits two eigenvalues A
and A~! that are called the characteristic multipliers of the system (10). We
add the following assumption on 7, which can be formulated in terms of the
eigenvalues of d¢(0,0):

ASSUMPTION 2. — The geodesic vy is stable, i.e., d¢(0,0) is a rotation. Then
the multipliers take the form A = ¢ and A~' = e with A € R. We assume
moreover that there exist 7, > 0 such that

A 7
12 V(p,q) €EZxN |p—q—=|=> ;
(12 ®:9) | 7T| (P, )|

where |(p,q)| = |p| + |q|. When this condition is fulfilled, we say that v is non
degenerated.

REMARK 1.4. — Almost every A € R satisfies (12) with 7 > 1. This is an easy
consequence of [1] p. 159, e.g.

EXAMPLES 1. — Let M be a surface which has a periodic geodesic y. In the
general case, the eigenvalues of d¢(0,0) defined by (11) are A = pe* and
Al =p7te™ ™ with A+ A"t € Ry, ie.,

(13) (p—pY)sin A =0.

Assume that M is a surface of revolution and that R > 0 on . Then the
characteristic multipliers are

A= pe27ri\/ﬁ and A—l — p_le_Qﬂ—i\/E.
i) If A = 2nV/R satisfies (12) then p =1 and M satisfies the assumptions.
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ii) Let 2vVR & N. Let M be a perturbation of M, and denote by
A= ﬁeij‘ and A'= ﬁ_le_ij‘,

the new characteristic multipliers.
By (13), p =1, and Assumption 2 is satisfied almost surely.

iii) Let a > 0, then the torus M = R/Z x R/aZ is not under the hypotheses:
in this case d¢(0,0) is not diagonalizable.

Notice that the function r which satisfies (10) is solution of

(14) i(s) + R(s)y(s) = 0.

Consider ag the solution of (14) with initial conditions ag(0) = 1 and a¢(0) = 3.
Then, from the Floquet theory, there exists a 2m-periodic function P so that

ap(s) = ei%sP(s)

(or ap(s) = exp (—i%s)P(s), but A can be replaced with —\).

Here, and in all the paper we denote by f = % f if f is differentiable. This
notation is motived by the fact that s will play the role of a time variable (see
section 2).

In order to prove Proposition 1.3, we construct stationnary approximate solu-
tions of (1), as stated in the following theorem

THEOREM 1.5. — Assume | and 2. Let h €]0, 1] such that % eN, let k,o0>0
and k € N. Let A be given by Assumption 2 and w1 by (5).

Define Eo(k) = — X+ 2k(wy — 2).

Then for all N € N, there exist An(k) € R and a family un(h) such that
C1h7 < |lun(R)||z2(my < Coh? with Cy,Cy > 0 independent of N and h, and

(15) — Auy(h) = An(k)un (h) — elun (h)Pun (h) + hY gn (h)
with for all N € N

1B gn ()| gy S BV
Moreover

1 2 1
— _ZE - 2120 1
h ~ 3 Bok) + en?h® Co+ O(1),

where Cy > 0 is independent of €, kK and o.

An(k) =

REMARK 1.6. — The analog of Theorem 1.5 was proved by J. Ralston in [15]
for the linear case (¢ = 0), with the same type of assumptions.
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REMARK 1.7. — Consider the more general equations
(16) i0su + Au = F(u),

where F' : C — C is a C* function. The result of Theorem 1.5 is likely to
hold with other nonlinearities F(u), for example for F(z) = 23, F(z) = 2*
or F(z) = (1 + |2/*)*z with « < 1. However, the instability phenomenon is
strongly related to the gauge invariance of the equation (16).

The scheme of the paper is the following: Thanks to a scaling, we reduce the
problem (15) to the resolution of linear Schrédinger equations with a harmonic
time dependent potential, and we will see, using Assumption 2, that these
equations have periodic solutions. To prove Proposition 1.3 we show that the
family uy(h) provides good approximations of (1) in times where instability
occurs.

NOTATIONS 1.8. — In this paper ¢, C' denote constants the value of which may
change from line to line. We use the notations a ~ b, a < b if %b <a<Cb,
a < Cb respectively. By 0; ; we mean the Kronecker symbol, i.e., 6; ; = 0 for
i#jandd;; =1.

REMARK 1.9. — In the sequel we do not always mention the dependence on
h of the functions: we will write u, f, r;, ... instead of up, fn, rin, ...

ACKNOWLEDGEMENTS. — The author would like to thank his adviser N. Burq
for his constant guidance in this work, P. Pansu for his help in the frame of
geometry, and B. Helffer for having pointed out the reference [11].

2. The WKB construction

Consider the equation

(17) — Au = M — e|ul*u.
Given h > 0, we are looking for a solution of the form
(18) u= 6h_iei%f(s,r, h),

where § = kh?, with kK > 0 and 0 < 0 < i. In all this section, ¢ will play the
role of a parameter.
We try to find a solution (u,A) of (17) of the form

un~ Y W Puy N~ RTEY RN
>0 Jj=20
As we will see, identifying each power of h will lead to a linear equation which

can be solved with a suitable choice of A;.
Choose h such that h~! € N, this ensures that expiy is 2m—periodic. Such a
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condition on A is natural and is known as a Bohr-Sommerfeld quantification
condition.
With the ansatz (18), equation (17) becomes

-z G vatr =) - 0. (2) (5 +0)
ora
a
We make the change of variables z = —= and set v(s,z,h) = f(s,Vhx,h).

Thus 0, f = %axv and 82 f = +02v.
Therefore we now have to find v ~ 3,5 h/20;.
Using (6) we obtain the following Taylor expansions in h

(19) —02f — 220, f = Af — e82h7 3| fI2S.

1
— =1+ hRa® — 2h3 Rsa® + O(h?),

a2
1

a '9s(a™) = O(h) and a '0.a= O(h2).

Equation (19) can therefore be written, after multiplication by %h

1 1
i0sv + 56%1} - §Rx2fu

(20)
1 — \h? 1
= v+ h? Rsadv + 7652h%|v|2v+th,
2h 2
where
(21) P = A10% + A0, + A30, + Ay

is a second order differential operator with coefficients A; = A;(s, x, h) satis-
fying A;(s+ 2m,z,h) = A;(s,wz, h) for 0 < j < 4.

Denote by E = 1_2’>Lh2 = Ey+ h*Ey 4+ --- + h2E, + o(h%) and write v =
vo+ h2vy + -+ ht vp + o(h?) and by identifying the powers of h we obtain
the system of equations:

1 1
(22) (i@s + 583 — §Rx2 - E0> vo = 0,

1 1 1
(23) (i@s + 583 - §Rm2 - E0> v1 = F1vg + Ryzivg + 56(52|U0|27}0,

1 1
(24) (285 + 565 — §R$2 - Eo) Up = Epvo + Qp.

so that the (j + 1)th equation of unknown (v;, E;) corresponds to the annihi-

lation of the coefficient of hZ in (20).
Here @, is a function which only depends on z, s, (v;)j<p—1 and (E;)j<p—1-

TOME 136 — 2008 — N° 2
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REMARK 2.1. — Notice that thanks to the scaling, we have reduced the prob-
lem (17) to the resolution of linear equations. However we have to solve them
exactly; no smallness assumption on z is possible, as x can be of size ~ ﬁ

In this section we will show

PROPOSITION 2.2. — For all p € N, there exist (Eo, -+ ,E,) € RP! and
(vo, -+ ,vp) € (€ ([0,27], S(R)))"™ with vy # 0, which solve the system (22)-
(24).

This permits us to construct approximate solutions of (17); more precisely, we
will obtain the following proposition, which is the main result of this section.

PROPOSITION 2.3. — Let x € C5°(] — ro,7o[) be such that 0 < x <1, x =1
on [—70/2,70/2] and suppose moreover that x is an even function. Let 6 > 0.
Denote by

25 Up(S, 7 = 6h ax(r)en (vo + hZvy + - + hBw S,L
(25) p(s,7) x(r)e'™ (vo 1 p)( \/E)
and by

1 2 1 B
(26) )\p:E—E(Eo—kh?El—F'“—}—h?Ep).

Then uy, satisfies ||up||p2(ary ~ 0 and
(27) = Auy = Apup — elup*up + hpz;lgp(h)
with
vh €0 1], Yn €N, [[h"= gp(h)llmn(o.2rixmy S 0R"F T

2.1. Preliminaries: the analysis of the linear equations. — We will solve the sys-
tem (22)-(24) for x € R. Notice that the Fermi coordinates are only defined
for |r| < rg ie., for z < % That’s the reason why we need the cutoff which
appears in the Proposition 2.3.

We first give an expansion of the operator P defined by (21).

LEMMA 2.4. — Let
P(s,x,h) = Ay(s,2,h)d% + As(s,x, h)ds + Az(s,x,h)0, + As(s,z,h),
be the differential operator defined by (21). Then for allp > 2, P can be written

p—1
(28) P(s,z,h) = Z h% Py(s,x) + hE P,(s,x,h),
k=0

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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so that
i) Forall0<k<p-1,

Pi(s,z) = AY (s, )07 + A5 (s,2)0s + A5 (s, 2)0; + A (s, @),
[

where A% € C* ([0,27] X R), for all s € [0,27] the function x — A¥(s,z) is a

polynomial and A? (s+2m,z) = A;?(s,wx).

ii) Let x € C§° (] — ro,70[) and v € C* ([0, 27}, S(R)), then for all n € N, there

exists C = C(p,n) independent of h €]0,1] so that
(29) Ix(h? @) Byv(s, @) sn (0,201 xm) < C-

Proof. — We first compute the coeflicients of P.
By the Taylor formula near » = 0 we have

1 p+3
() =1+ R(s)r? — 2R3 (s)r® + > r* Ry(s)
k=4

Pt 1 i3 opt+4 ( 1 )
R 1—t — tr)dt
oy | =0 i () Gt
where Ry, is given by (7).
Now write r = vhz and obtain

1 3
(30) E(S, Vhz) =1+ hR(s)a® — 2h* R3(s)a® + h*I1(s, , h),
where

p+3
(31) Ii(s,z,h) = Zh%kak(s)—F
k=4

p+4 1 p+4
5 i / (1—t)rt3 0 < ! ) (s, Vhat) dt.
0

(p+3)! arr+t \ a2
Similarly
1 1
(32) 788(5)(‘9’ \/ECL’) = hIQ(Saxah)7
a
with

Lan g S
(83) Blomh) = 3 hT T 0 Q)0+
L, gPt2 1 gpt2 (1 . )
2 _ 4\p+1 1,1
" " (p + 1)' /0' (1 t) arp+2 aas(a) (87 \/El't) dt,
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and
(34) 008 V) = hiIy(s, 2, ),

a
where

Pizk Bk (Bra>
(35) I3 S, T, h z:lh EW a (S,O)+
» Pl 1 P+l (0. a
+h? o /0(1—t)1’arp+l( ; )( Vhat) dt

Plug the expressions (30), (32) and (34) in equation (20), and deduce that
coefficients A; are

1
A= 5(-1- hRx? + 2h? Rya® — h°Iy),

1
Ay = —iRz? + 2ih? Rya® — ihI, — o2

Az = —%Im
1 )

A4 = 5([1 — ZIQ).
Then with the developments (31), (33) and (35), we see that for all 1 < j <4
and0<k<p-—-1,z+— A;?(s,x) is a polynomial. Moreover as a(s + 27, z) =
a(s,wz), we also have A?(s +2m,x) = A?(s,wx).
To obtain the bound (29), we now have to control the integral rests which
appear in (31),(33) and (35).
Let ¢ € N* and let (s,7) — f(s,7) be one of the functions a=2, a=10,(a"!) or
a='9,. Let x € C* (] — ro,70[) and define F, by

1 q
Fy(s,z) = X(\/ﬁx)/o (1 —t)q—l%f(s,\/ﬁxt) dt

As f € C* (]0,27]Xx] — ro,70[), we deduce that for all ny,ny € N there exists
C = C(¢,n1,n2), independent of h €]0,1] so that
(36) Y(s,z) € [0,27] x R, |071002 Fy(s,x)| < C.

Now let v € C* ([0, 27],S(R)) and n € N. We can assume that n > 2, so that
H™ is an algebra. Then by (36)

(37) lz? Fy vl nj0,2n)xr) < ClIlFgllzn([0,270)xR) 177 0| £ (0,27) xR) < C,
and this yields ii). O
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Consider the Hilbertian basis of L?(R) composed of the Hermite functions
(¢r)k>0 which are the eigenfunctions of the harmonic oscillator H = —%agj‘ +
32, ie., Hop = (k+ 3)pr. Moreover ¢y (z) = Pi(z)e"/2 where P, is a
polynomial of degree k with Py(—2) = (—1)*Py(x). The link between the s-
dependent operator —192 + 1 R(s)z? and H is given by the following result

proved by M. Combescure in [11].

THEOREM 2.5. — Let ag : R — C be the solution of (14) with ag(0) = 1,
a0(0) = 4. Define
1 Qo
o = log |(10|, ﬂ = 7log j—t
21 ap
let the unitary transform T(s) be defined by

T(s) = €97 /2 =)D ere D — _%(x V4V .-2),

and let U(s,T) be the unitary evolution operator for —%83 + %R(s)xg, i.e.,
U(s,T)p is the unique solution of the problem

. 1o 1 2) _
(z@s + 2835 2R(s)x u=0,
u(t, z) = ¢(z) € L*(R).
Then we have for any s,7 € R
U(s,7) = T(s)e BE=BENHP(7)=1,
REMARK 2.6. — The functions a and g are well defined: suppose that there

exists sp such that ag(sp) = 0, then Reag and Imag are linearly dependent,
which is impossible with this choice of the initial conditions.

REMARK 2.7. — Define 6(s) = G(s) — ﬁs where A is given by Assumption 2.
Then « and 6 are 2w-periodic real functions. Moreover «(0) = &(0) = B(0) =
6(0) = 0.

Denote by S(R) the Schwartz space, i.e., the space of smooth functions which
are fast decreasing and their derivatives too.

PROPOSITION 2.8. — Let 99 € S(R) and E € C. Let f € C* ([0,27] x R,R)
be such that

VneN, Vs e [0,2n], 97f(s,:) € S(R),
in other words f € C* ([0, 2x],S(R)).
Let 1 € C* ([0,27], L*(R)) N C° ([0, 27], H*(R)) be the solution of
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0. + 302 — JR(s)a*) — B = f,
¥(0,z) = o ().
Then 9 € C* ([0, 27], S(R)).

(38)

Proof. — By replacing ¢ with e?F*), we can assume that E = 0. The solution
of equation (38) is given by

Wl = UGs, 000 i [ Uls,7)7(r,0)dr

0

(39) = T(s)e P)H (1[)0 - i/s ePOET(7 (7)) d7'> .

0
As D is a transport operator, we have

Ta T_l :C™ ([07 27T]a S(R)) — C™ ([Oa 27[-]’ S(R)) )
we only have to show that
eiﬁH :C% ([Oa 277]7 S(R)) — C™ ([07 271—]78(R)) :
This follows from the fact that 3 is regular and ' : S(R) — S(R). O
The description of U given in Theorem 2.5 yields the following representation
of U(s,0)py:
ProPOSITION 2.9. — For all k € N and s,z € R we have

(40) U(S, O)SOk(SC) _ eid(s)w2/2 e—i(%-i—k),@(s) e—%a(s)<pk (me—a(s)) .

Proof. — According to Theorem 2.5, and as Hy, = (k + %)gpk,
Ul(s,0)pp = e'(8)7"/2g=ilkt3)6(s) g—ia(s)D )

Denote by f(s) = e **(5)Py, Then f is solution of the transport equation

0. = =3(s) (+0.] +0.(x])) = —56(s) (/ + 200, )

with Cauchy data f(0,z) = ¢ (z). Make the change of variables o = a(s) and
set g(o) = f(s). Therefore g satisfies 9,9 = —%(g + 220,9). The equation
x = &, z(0) = zy admits the solution z(7) = zpe” and the characteristics
method gives g(7,z(7)) = e~ 2" pg(z0) = e~ 2" (x(7)e "), hence

F(s) = e 2y (ae).
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COROLLARY 2.10. — Let k € N, define wy = %(w —1) and
Eo(k) = ==X+ 3k(w1 — 2). Then
wy, = e *F R (s,0)p
(41) _ i EaR) 05" 2 i (RIB0) gha) gy (re®))

is solution of the equation
1 1
<i85 + 585 - §R(s):c2 - Eo(k)> wi(s,z) = 0.

Proof. — On the one hand, from Proposition 2.9 we deduce

—2iﬂE0(k)e—i>\(%+k) —ikwyT

wi(s+2m,z) =e wi(s,z) =e wi(s,x)
= (=11 (s, ) = wi (s, wz).
On the other hand, wy, satisfies (22) because of the definition of U(s,0). O

Fix ko € N and take vy = wy, with the previous choice of Ey(ko). This choice
corresponds to the kgth level of energy for the harmonic oscillator.

REMARK 2.11. — Until now we did not use the restriction (12), but it will be
crucial in the following.

PROPOSITION 2.12. — For all p > 0, there exist E, € C and
vp € C*™ ([0, 27], S(R)) which solve (24).

REMARK 2.13. — As stated in Theorem 1.5, the E;’s are in fact real numbers.
This will be proved in Lemma 2.17.

Proof. — We proceed by induction on p € N.

For p = 0 the result was proved in Corollary 2.10.

Let p > 1, and suppose that for all j < p — 1 there exist E; € C and v; €
C* ([0, 27],S(R)) which solve the (j 4+ 1)th equation of (22). When p > 2, set

{;p_l = h%vl 4+ 4 hpz;lvp_h
Ep_l = h%El—i—---—}-h%lEp_l
and % = Ey = 0. By (28), the function Q, given by (24) is the coefficient of

h% in the expansion in h of
1 =
= - - k -
E, 19p_1 + 5852|’U0 + Up_1|2(’Uo + ’Up_1) + h <Z h2 Pk> (’U() + ’Up_l).
k=0
Now using the regularity of the v;’s and the fact that for all 0 < k <p—1, Py
is an operator

P, : ¢ ([0, 27], S(R)) — €> ([0, 27], S(R)),
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we obtain @, € C* ([0, 27],S(R)) .
Moreover @Q,, satisfies, V(s,z) € [0,27] x R

QP(S +2m,z) = QP(vax)
because this property holds for the v;’s, and a.
Define F,(s,z) = e~i¢(®*7e*/2Q (s 2¢2()) then F, € €™ ([0,27],S(R))
and satisfies Qp(s,z) = eié‘(s)wz/QFp(s,xe’o‘(s)) and F,(s + 2w, x) = Fp(s,wz).
Let us decompose F, on the basis (¢;);>0: there exists a unique family of
smooth functions (g7 (s));>0 € I2(N) so that

(42) Fy(s,9) =Y g%(s)e;(v)
j=0
Then
(43) Zg] za (s)x? /2 —a(s) th w] s SL‘
j=>0 7=>0

where according to (41)
(44) hP(s) = eiSEo(j)ei(%Jrj)ﬂ(s)e%a(s)g;’(s)'
We have

Qp(s,wx) Zh (s)wj(s,wz),

7=>0

but also

Qp(s,wz) = Qp(s+2m,z) = Z h%(s + 2m)w;(s + 27, z)
j=0

= Z hY(s 4 2m)w; (s, wz),

720
and from the uniqueness of the h%’s we deduce h¥(s + 2m) = h¥(s).

We are now looking for a solution of (24) of the form

(45) vp(s,2) = Y el (s)wj (s, )

J=0

where the eé-’ ’s are 2m-periodic functions. For all 7 > 0, by Corollary 2.10 we
have

(z(? + 82 - fo ) (e 'wJ) = iéw; + (Eo(ko) — Eo(j)) efwy,
hence we have to solve the equations
(46) ié? 4+ (Eo(ko) — Eo(5)) €} = hY + 61, E
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As Eo(ko) — Eo(j) = 4(ko — j)(w1 — 2), the solutions of (46) take the form

(47)  el(s) = edithomider=2s <C§) _ Z/ W (r)e~ Fitko=i) (1= dT)
0
for j # ko, and
€p(8) = Cp — i/o hy, (1) dT — iEps.

The constants Cf € Cand E, € C have to be determined such that e? (s+27) =
el (s).

e Case j = ko:
27
€ (8 +2m) = —i/ hy, (1) dT — 2miE, + €}, (s),
0

thus e} is 2m-periodic iff

1 2

(48) By =5 : hY (r)dr.

e Case j # ko:

Denote by il? T h?(T)e—i%(ko—j)(un—%)T and by K = ei(ko—j)(Twi—XA)
Then

s+27 5 27 B s+27 5
/0 hi(r)dr = /0 h?(T)dT-l—/Qﬂ i (r)dr

2m s
_ 7 -1 [ 7
= /0 R (r)dr + K /0 h%(7)dr,

and by (47)

s+2m 5
€l(s + 2m) = Ke'z(Fo=D(@1=2)s (c;? - 2/0 hE (7) dT)

27 s
(49) = i3 (ko—j)(wi—2)s (KCJZ-’ —iK ; izf(r) dr — i/o Bf(T) dT) .
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Notice that K # 1, as A € 7Q and choose

. 27
p_ K ip
Cj = %1 ; hj(T) dr,

then according to (47)and (49), the function e¥ is 27 —periodic.

Now, we show that the constants C'f are uniformly bounded in j > 0, so
that the function v, given by (45) is well defined. We first need the

LEMMA 2.14. — Let (h?)jzo € 1?(N) be the family of 2m—periodic functions

defined by (14) and hf(s) = ¥ ,ez ¢ ;€ el's its Fourier decomposition. Then for

all n1,n9 € N there exists CP? > 0 such that for all j € N
Zj2n1l2n2|cf,j|2 < CP.

leZ

Proof. — Consider the function F, € C* ([0, 27], S(R)) which defines the fam-
ily (g7 (s))j>0 € I>(N) with (42). Denote by H = —482 + 32*. Let n1,ny € N
and decompose the function 072 H™* F, on the basis (¢;);>0

o1 By () = Y0
720

where (%) ;>0 is a smooth family of functions in I*(N).
Using that Hyp; = (j + 3)¢; and that F, € C* ([0,27], S(R)), we have for all
ni,Ng € N

O H™ Fy(s,y) = > ( + 3) H(g5) ) ()0 (y)-
j=0
By uniqueness of such a decomposition,
R n -
(G+m@) = @20 € 2M).
j=>0
Then by the definition (44) of hé’ , an easy induction on ny,ne € N shows that
(j"l (hf)("z)) 0 € I*(N). Write the Fourier decomposition of h
i

P s) = Z cf el
neZ
and by Parseval
S = [ e eRs <o
§>0 1€z §>0

In particular, for all j € N
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Zj2n1l2n2|cﬁj|2 < pr
leZ
hence the result. O

End of the proof of Proposition 2.12: Using the Fourier decomposition of h;
we obtain

. 2w
p_ K 7D
Cj = %1 | hj(T)dT
1K
_ K Cp,/ i(1— (o =) (w1~ 2)7
K—1 é L J,
&
(50) =—i d .
g —5(ko = j)(w1 - 2)
With Assumption 2 we have
1 _ A 1 . A A
1= S (ko — ) (w1 — =)| = 51(20 — (ko — j)wr) + (ko — §)=|
2 us 2 us
51 %
=3 (21 — (ko — j)wi, ko — 5)|7’

and for j > ko, [20 — (ko — jlw1| + [ko — j| < 2(|I| + |7]), then
1 A cl
(51) L= (ko =)W1 — )| 2 777
=3 22 G
Hence, from (50) and (51) we deduce
(52) 1C2) S D e a+ 1) S D 11517 + 127).-
lez lez

By Cauchy-Schwarz and Lemma 2.14, from (52) we obtain

1+|l|
P< T l
OF1 % 32 Ty Iballil” + 1)
E€Z
S 1+l ~27-+l2‘r
(2@:(1+m ) (§l€Z:| S+ DA + 1 >>
(53) < CP.

Set

vp(s,x) = Z el (s)w; (s, ).
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For all j € N, s — e¥(s)w; (s, z) is continuous and there exists ¢ > 0 such that
for all j > ko, and for all s € [0, 27]

€5 (s)w;(s,2)| < g5 ()] ; (cz)|

and this shows that v, € C ([0,2n],L*(R)). Now using Proposition 2.8 we
conclude, by uniqueness of such a solution, that v, € C* ([0, 27], S(R)). O

2.2. The nonlinear analysis and proof of Proposition 2.3

LEMMA 2.15. — The constant E1 given by Proposition 2.12 writes
E, = —6%2Cy where Cy > 0 is independent of € and 6.

Proof. — Consider the equation
1 1 1
(ié‘s + 502 — 5 Ra® - Eo) v1 = Bvg + Raz®vo + Se6%|vo | vo,

with

vo(s, z) = e—isEo(ko)eid(s)x2/2e—i(%+ko),6(s)e—%a(s)(pko (xe_a(s)) .
By the definition of @, (see (24)),

Q1(s,7) = Rs(s)7%v0(s,2) + ;as o200, 2),

and by (43), @1 can be written
Zh s)w;(s,x)
7>0

According to formula (48), we only have to compute the term h,lCO in the previous
expansion.
Write the expansion of |k, |2k, on the basis (;);>0:

(54) ko [*Pro = Y Pi0s»
>0
with p; € R and p; = 0 for j — ko = 1 mod 2 as @i (—z) = (—1)*px(z).
Then by (54) and the expression (41) of w;
lvo|2vo (s, z) = e #Folko)e i6(s)z” /2 —i(5+ko)B(s) o= S ex oo 12 0ko (xe a(s))
— ZpjefisEo(ko)eid(S)wQ/Qefi(%Jrko)ﬂ(S)e*aa(S)(pj (xe*a(S))

>0

—Zf] s)w;(s,x)

j>0
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where
f](s) = pje—is(Eo(ko)—Eo(j))e—i(ko—j)ﬂ(s)e—a(s)
= pje—i(ko—j)(9(s)+§w1)e—a(s)'

Therefore fi,(s) = pr,e”*®) with, using (54), pr, = [ [éro]* > 0.
In the same manner we write

(55) z® Pro (T Z ajp;(x
j>0

with ¢; = 0 when j — kg = 0 mod 2 and by (55) we have
Rs(s ):c vo(s, x)
— R3(s)e—sto(ko)eid(s)z2/26—i(%+kg),8(s)e%a(s)(we—a(s))3(pk0 (me—a(s))
_ quRg(s —isEo(ko) o —i(3+ko)B(s) g3 (s) m(S)wz/? (xe_o‘(s)).
7>0
By (41) we have
et (m7*/2 (ze—a(s)) — ¢i5B0(d) gi(3+3)B(s) g3 x(s) |

Then

R3(s)zvo(s,z) = ij s)w;(s,x),
7>0

where
f](s) — qjRg(s)e—iS(Eo(ko)—Eo(j))e—i(ko—j)ﬂ(s)e3a($)

- qu3(s)e—i(ko—j)(9(8)+%w1)e3a(8)_
Then fko =0 as g; =0 when j — kg = 0 mod 2. Thus
1 1 —a(s
h,lco(s) = 56(52fk0(8) = 5562pk0e (),

Finally, from (48) we deduce

1 2m
Ey = ——e8%py, / e M dr = —£52Cy,
4m 0

where Cy > 0 as pg, > 0.

LEMMA 2.16. — Let ¢ € C§°(R) such that ¢ = 0 near 0, and let f € S(R).
Then for alln, N € N, there exists C = C(n,N) so that

(56) (R% ) fll grn gy < CRY
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Proof. — We only show (56) for n = 0, the general case follows from the
Leibniz rule. We can assume that supp v C [a,b] with @ > 0. Then as f € S(R),
for all N € N, there exists Cy > 0 so that

1
< _—
|f(2)] _CN1+|:E|N
Thus
b
[P @ dr =17t [ @)l ta)P o
R a
<cC hNé/b oh(z)? LR
>~ UN TN . _onN
a hN+ZL'2N
S CNhN_%a
hence the result. O

Proof of Proposition 2.3. — Let p > 1, and consider
Vy(s,2) = (vo + h¥vy + -+ h¥v,) (s,2),
and
E,=FEy+h?E, +---+h3E,,
where the v;’s and the E;’s are given by Proposition 2.12.
Let x € C3°(] — ro,70[) be an even function such that 0 < x <1 and x =1 on

[—7’0/2,1"0/2].
We claim that there exists G, (h) € C* ([0, 27], S(R)), so that
(57) VneN, ||Gy(R)||lan(j0,2mxr) < Chops

where C,, , is independent of h €]0, 1], and such that G, (h) satisfies
1 1 ~
x(hzz) ((ias + 582 - 5R:s2 - E,)V,

1 ®

(58) —h?Rsz®V, — 5552h%|vp|2v;, - hPVp> = h"F G,(h).
By construction of the v;’s and the E;’s, in the Lh.s. of (58), the coefficient of
h7 cancels for 0 < j < p.
Then write the expansion in powers of h

1 3p+1

k
5552|Vp|2v; =Y hV},
k=0

and use (28) to obtain

p—1 _ 2p+2
hPV, = h (Z hE P + h’a’P,,) (Z h’évk) = > hEW}
k=0

k=0 k=0
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We therefore obtain the explicit formula of G, (k)

2p+2 3p+1
W5 Gy(h) == —x(hiz) S hEWE —x(hiz) Y hEVE - x(hie)h"F Ryz’u,
k=p+1 k*p+1
p+1
_ _hp+1 h2$ <Zh Wl+p+12h Vl+p+1+R3m vp>.
=0 =0

The bound (57) then follows from an application of Lemma 2.4.
Denote by V, = X(h%x)Vp, and write
PV, = (4102 + A20, + A0, + As)(x(h?2)V})
= x(h32)PV, + hix (hiz)AsV,.
By (58) we deduce that
(i0s + %aﬁ - %RxQ — E,)V, — h* Rsa®V, — 3552h%|17p|217,, — hPV,
= WG+ A (1005, + S (b o),
+ (1 = X (RED) 2V, — X (hE2)As,
= K" Gy (h).
Each of the functions x’, X" and x(1—x?) vanishes near 0, hence by Lemma 2.16
and (57)
(59) Vn eN, ||ép(h)||H"([0,27r]><]R) < Chp-

Finally, set
r

Up = 5h_iei%Vp(s, 7

);

then

ptl =

—Auy — Apuyp + £lup’u, = Ee hT Gy(h),

and g,(h) = 2¢'% G, (h) satisfies the conclusion of Proposition 2.3 by (59).
O

LEMMA 2.17. — Letp > 1 and E, given by Proposition (2.12). Then E, € R.

Proof. — We already know that Ey, B € R. Let p > 3. Multiply (27) by @,
integrate on M and take the imaginary part

0= luplizatim, + 15 T [ g, (1,
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As |Jupllr2 ~ 1 and ||gp|lz2 S 1, we obtain the estimate
R e e P 1 T Py

and as
Im), = —2(Im E; + h*Im B3 + - -- + h'7 Im E,)
it follows that for all0 < j <p—1,ImFE; =0, i.e., E; € R.

3. The instability for the nonlinear Schrodinger equation
3.1. The error estimate

PROPOSITION 3.1. — Let a > 0, o €]0, 1] and let v € H*(M) be such that

lollze £ 1. flollz~ S AT, JAvfle S A7HF,
and suppose that v satisfies

i0yv + Av = e|v]*v + h*R(h),
with for all B € [0,2], |R(h)||gs S h™P. Let u be solution of
i0yu + Au = elul*u,
{ u(0,z) = v(0, ).
Then, if o > i + 30 we have
1w =)t e — 0 when h—0,
where t, ~ h2=2° log(#).
Proof. — Define w = u — v and
B(t) = |lw|Z: + [A*Aw|Z..

We have E(0) = 0 and the following estimates:
(60)  llwllze < B3, Awle < T?E, | Vullge <hTUER
The function w satisfies the equation
(61) 10w + Aw = e(|w + v|*(w + v) — |v]?v) — h*R(h).
The energy method gives

1d

3ol = 1 [ (e +oP(w +0) = o) — A R()
S h*lwlize + wllzs + [lw|Ze o]l

The Gagliardo-Nirenberg inequality gives

< h 2E?,

~

lwllzs < lwlZ: Vel
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and as ||v]|z~ < h™iT7, we obtain

(62) R
Now, apply A to (61)

(63) i0,Aw + A?w = eAA — h*AR(h),
with

A=|w+v(w+v)—|v*v
= 2w|v|]® + Wv? + 0T + 2lw|?v + |w|*w,
then
|AA] S [oP|Aw] + [v][Vo|[Vw| + Vol [w] + [v]|Av]w]
+HAv|[w]? + [w]?| Aw| + |w]|Vw|?,
hence
[AA] Lz S vl Z [Aw] Lz + o]l e[|V V]| oe V]| 2 + V0] Fes ] 22
(64) Hvllze [Av]| L [wl g2 + [ Av]| L [[w]Fs
Hlwllg < |Awl gz + [lw] g2 [ Veo| Za-
The following inequality holds in dimension 2
lwlle= < ol allAwl f < 1B,
and with (60) and (64) we deduce
|AA|: Sh 312 E2 4 b~ ¥ E + h*E?.
But
hHtOE = pm ORI 2B ChTETPET 4 pTiER,
and we obtain
(65) IA(A)|z2 S h 3427 E2 + hE>.

Now, using (65) and ||A(R(h))||z2 < h~2, the energy method and the Cauchy-
Schwarz inequality gives

1d
§E||Aw||2m = Im/Am(AA — h*AR(h))
(66) ShTE (R 4 hTEP T 4 pTIER),
therefore from (62) and (66) we have
%E <hYE% + B 2120 R 4 p2E2,

TOME 136 — 2008 — N° 2



GEOMETRIC INSTABILITY FOR NLS ON SURFACES 191

Interpolation gives

1-< z — 1
[wllee < llwllzz + [wlgo S lwllzz + lwllz. * [Awlf. S A77E? == F.

~

The function F satisfies F'(0) = 0 and

(67) %F S hoote 4 BTt R 4 220 p3

As long as h™2t20 3 < p=2120F je. F < hi, we can write

d )
—F<poteypp3t2op
dt ~Y + b

and the Gronwall inequality yields

F < poti-30,Ch 3420

The nonlinear term in (67) can be removed with the continuity argument for
times such that

1
a+i-30c Ch 2127¢ 34
h*T27% < ha™h

with n > 0 ie., for t < (a— - 30— n)h2 =2 log +, which is possible with 7

small enough as we assume o > i + 30. O
COROLLARY 3.2. — Let k > 0, 0 < 0 < i and set 6 = kh?. Denote by
—iAst

v=e us where uz and A3 are defined by (25) and (26) respectively.

Let u be solution of
i0pu 4+ Au = e|u|?u,
u(0,z) = v(0,x).

Then ||v||gs ~ 1 and
[(w—v)(tn)llze — 0 when h—0,
where t, ~ h2™2° log(#).
Proof. — The result directly follows from Propositions 2.3 and 3.1, as for all
0<o<i wehaveo+1>1+30. O
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3.2. The instability argument. — Let &, x;, > 0 and consider v = v! defined in
Corollary 3.2 associated with » and v? associated with k5. Let u be a solution

of , 4 o
{ i0pu! + Au? = e|u? |*u?

u? (0,) = v?(0, z),
and t, ~ h3=2° log % Then

1w = ub)(tn)llme = (v = ")t e = (w? = v*) () e

(68) ~ll(u! = o) (tn)llzze-
From Corollary 3.2 we deduce that for j = 1,2
(69) I(w’ —v?)(tn)|l e — O.

Observe that

102 = o)t e~ [em0n — =

i(AZ=A3)th _ 1 ,

e
from Lemma 2.15 we have
1
(A3 = ADth ~ W2 Lk — kp)tn ~ (k — K1) log 7

It is possible to choose xj, such that xk, — & and (k — kp) log% — 00. Then
using (68) and (69)
limsup |(u? — u)(t4) [+ > limsup | (v = v") (ta) | - > 2,
h—s0 h—s

even though
I(u® = u")(0)[[ e = [|(v* = v1)(0)| ;= ~ |k — inl,

which tends to 0 with h. According to Definition 1.1, we have proved Proposi-
tion 1.3.
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