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312 FELIX (Y.) & THOMAS (J.-C.)

RESUME (BV-algébres rationnelles en topologie des lacets libres)

Soit M une variété simplement connexe compacte sans bord de dimension m. Dé-
signons par LM D’espace des lacets libres sur M. M. Chas et D. Sullivan ont défini une
structure de BV-algébre sur ’homologie singuliére H.(LM;k). Lorsque ’anneau des
coefficients k est un corps de caractéristique nulle, nous établissons ’existence d’une
structure de BV-algébre sur la cohomologie de Hochschild HH*(C*(M); C*(M)) qui
étend la structure canonique d’algébre de Gerstenhaber. De plus nous construisons un
isomorphisme de BV-algeébres entre Hyim (LM;k) et HH*(C*(M); C*(M)). Finale-
ment nous démontrons que le produit de Chas-Sullivan ainsi que le BV-opérateur sont
compatibles avec la décomposition de Hodge de H«(LM; k).

1. Introduction

Chas and Sullivan considered in [3] the free loop space LM = map(S*, M)
for a smooth orientable closed manifold of dimension m. They use geomet-
ric methods to show that the shifted homology H.(LM) := H.y.,,(LM) has
the structure of a Batalin-Vilkovisky algebra (BV-algebra for short). Later on
Cohen and Jones defined in [5] a ring spectrum structure on the Thom spec-
trum LM ~TM which realizes the Chas-Sullivan product in homology. More
recently, Gruher and Salvatore proved in [17] that the algebra structure (and
thus the BV-algebra structure) on H,(LM) is natural with respect to smooth
orientation preserving homotopy equivalences.

Assume that the coefficients ring is a field. By a result of Jones,
[19, Thm. 4.1] there exists a natural linear isomorphism

HH. (C*(M); C*(M)) = H*(LM),

and by duality an isomorphism H,.(LM) = HH*(C*(M);C.(M)). Here
HH,(A;Q) (respectively HH*(A;Q)) denotes the Hochschild homology (re-
spectively cohomology) of a differential graded algebra A with coefficients in
the differential graded A-bimodule @, C*(M) denotes the singular cochains
algebra and C,.(M) the complex of singular chains. The cap product induces
an isomorphism of graded vector spaces (for instance see [11, Appendix]),
HH*(C*(M);C.(M)) = HH* ™(C*(M);C*(M)), and therefore an isomor-
phism of graded vector spaces

H.(LM) = HH* (C*(M); C*(M)).

Since HH*(A; A) is canonically a Gerstenhaber algebra, for any differential
graded algebra A, it is natural to ask:

QUESTION 1. — Does there exist an isomorphism of Gerstenhaber algebras be-
tween H,(LM) and HH*(C*(M); C*(M))?
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RATIONAL BV-ALGEBRA IN STRING TOPOLOGY 313

Various isomorphisms of graded algebras have been constructed. The first
one has been constructed by Merkulov for real coefficients [24], [13] using it-
erated integrals. An another isomorphism has been constructed for rational
coefficients by M. Vigué and the two authors, [12], using the chain coalgebra
of the Quillen minimal model of M.

Although HH*(A; A) does not have, for any differential graded algebra A,
a natural structure of BV-algebra extending the canonical Gerstenhaber alge-
bra, a second natural question is:

QUESTION 2. — Does there ezist on HH*(C*(M); C*(M)) a structure of BV-
algebra extending the structure of Gerstenhaber algebra and an isomorphism of
BV-algebras between H,.(LM) and HH*(C*(M);C*(M))?

The main result of this paper furnishes a positive answer to Question 2 and
thus to Question 1 when the field of coefficients is assumed of characteristic
Zero.

THEOREM 1. — If M is 1-connected and the field of coefficients has charac-
teristic zero then

(i) Poincaré duality induces a BV-structure on HH*(C*(M);C*(M)) ex-
tending the structure of Gerstenhaber algebra;
(ii) there exits an isomophism of BV-algebras

H,(LM) = HH*(C*(M); C*(M)).

BV-algebra structures on the Hochschild cohomology HH*(A; A) have been
constructed by different authors under some conditions on A. First of all,
Tradler and Zeinalian [29] did it when A is the dual of an A, -coalgebra with co-
duality (rational coefficients). This is in particular the case when A = C*(M),
see [28]. Menichi [23] constructed also a BV-structure in the case when A
is a symmetric algebra (any coefficients). Let us mention that Ginzburg [16,
Thm. 3.4.3| has proved that HH*(A; A) is a BV-algebra for certain algebras A.
Using this result Vaintrob [30] constructed an isomorphism of BV-algebras
between H, (LM ) and HH™(A; A) when A is the group ring with rational coef-
ficients of the fundamental group of an aspherical manifold M. This is coherent
with our Theorem 1 because in this case C.(Q2M) is quasi-isomorphic to A and
using [9, Prop. 3.3] we have isomorphisms of Gerstenhaber algebras

HH*(A; A) = HH* (C,(QM); C.(QM)) = HH* (C*(M); C*(M)).

Extending Theorem 1 to finite fields of coefficients would be difficult. For in-
stance Menichi [22] proved that algebras H,(LS?) and HH*(H*(S?); H*(S?))
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314 FELIX (Y.) & THOMAS (J.-C.)

are isomorphic as Gerstenhaber algebras but not as BV-algebras for Z/2-
coefficients.

In this paper we work over a field of characteristic zero. We use rational
homotopy theory for which we refer systematically to [7]. We only recall here
that a morphism in some category of complexes is a quasi-isomorphism if it
induces an isomorphism in homology. Two objects are quasi-isomorphic if they
are related by a finite sequence of quasi-isomorphisms. We shall use the classical
convention V* = V_; for degrees and V' denotes the graded dual of the graded
vector space V.

Let C.(4;A) := (A® T(sA),d) be the Hochschild chain complex of a dif-
ferential graded algebra A with coefficients in A. Here T(sE) denotes the free
coalgebra generated by the graded vector space sA with A = {A4'};>; and
(sA)? = A"l We emphazise that C,(4;A) = A ® T(sA) is considered as a
cochain complex for upper degrees.

Now by a recent result of Lambrechts and Stanley [20] there is a commutative
differential graded algebra A satisfying:

1) A is quasi-isomorphic to the differential graded algebra C*(M).

2) A is connected, finite dimensional and satisfies Poincaré duality in di-
mension m. This means there exists a A-linear isomorphism 6 : A — AV
of degree —m which commutes with the differentials.

We call A a Poincaré duality model for M.

The starting point of the proof is to replace C*(M) by A because there is
an isomorphism of Gerstenhaber algebras, [9, Prop. 3.3],

(1) HH*(A; A) éHH*(C*(M);C*(M)).
This will allows us to use Poincaré duality at the chain level.

Denote by p the multiplication of A. This is a model of the diagonal map.
We define then the linear map pa: A — A ® A by the commutative diagram

A (A A)Y = AV @ A
(2) BT% zT(a@e
A—HP2 L, AR A

By definition p4 is a A ® A-linear map degree m which commutes with the
differentials (Here A is a A ® A-module via p). This is a representative of
the Gysin map associated to the diagonal embedding. With these notation we
prove in §4:
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RATIONAL BV-ALGEBRA IN STRING TOPOLOGY 315

PROPOSITION 1. — 1) The cochain complex C.(A;A) is quasi-isomorphic to
the complex C*(LM). In particular, there is an isomorphism of graded vector
spaces

HH,(A; A) 2 H*(LM).

2) If u denotes the multiplication of A and ¢ denotes the coproduct of the
coalgebra T(sA) then the composite ®

 id®d - , .
ART(sA) ——— AR T(sA) ®T(sA) = A® 402 (A® T(sA))®?

‘IJ LMA@Z'd

~

(AQT(sA))®2 ¢ A®2 @ 402 (A R T(sA))®2
is a linear map of degree m which commutes with the differentials.

3) The isomorphism HH,(A; A) = H*(LM), considered in 1), transfers the
map induced by ® on HH,.(A;A) to the dual of the Chas-Sullivan product on
H*™(LM).

()
4) The duality isomorphism HH,(A; A)Y = HH*(A; AY) =& HH* ™(A;A)
transfers the map induced by ® on HH ,(A; A)Y to the Gerstenhaber product on
HH*(A; A).

Denote by A : H,(LM) — H,y1(LM) and A’ : H*(LM) — H*~}(LM)
the morphisms induced by the canonical action of S' on LM. As proved by
Chas and Sullivan this operator A defines on H, (M) a structure of BV-algebra.
In section 5 we prove:

PROPOSITION 2. — The isomorphism HH,(A;A) & H*(LM), considered in
Proposition 1, transfers Connes’ boundary B : HH,(A; A) — HH.11(A4;A) to
the operator A’.

L. Menichi [23] proved that the duality isomorphism
(9)
HH,(A; A)Y 2 HH*(A; AY) =2 HH*(A; A)
transfers BY : (HH .+1(A; A)¥— (HH . (A; A))Y to a BV-operator on HH™(A; A)
that defines a BV-structure extending the Gerstenhaber algebra structure. The
isomorphisms of Gerstenhaber algebras (1) carries on the right hand term a
structure of BV-algebra extending the Gerstenhaber algebra. This fact com-
bined with Proposition 1 and 2 gives Theorem 1.

Since the field of coefficients is of characteristic zero, the homology of LM
admits a Hodge decomposition, H.(LM) = @, > HY! (LM) (see [33], [32], [15]
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and [21, Thm. 4.5.10]). We prove that this decomposition behaves well with
respect to the product ® and the BV-operator A defined by Chas-Sullivan.

THEOREM 2. — With the above notation, we have
1) HIMm) @ HE (M) - HE (LM,
2) A:HN (M) — B (L)

By definition H.” (LM) is the image of Hyi,, (M) by the homomorphism

induced in homology by the canonical section M — LM. It has been proved
in [10] that if aut M denotes the monoid of (unbased) self-equivalences of M
then there exists a natural isomorphism of graded algebras

HY(LM) = H, (M) ® 7. (Qaut M).
For any r > 0, a description of HLT] (LM) can be obtained, using a Lie model
(L,d) of M, as proved in the last result.

PROPOSITION 3. — The graded wvector space ]HILT](LM) is isomorphic to
Tor’"(k,T7(L)) where T7(L) is the sub-UL-module of UL for the adjoint
representation that is the image of \" L by the classical Poincaré-Birkoff- Witt
isomorphism of coalgebras AL — UL.

The text is organized as follows. Notation and definitions are made precise in
sections 2 and 3. Proposition 1 is proved in Sections 4, Proposition 2 is proved
in section 5. Theorem 2 and Proposition 3 are proved in the last section.

2. Hochschild homology and cohomology

2.1. Bar construction. — Let A be a differential graded augmented cochain
algebra and let P (res. N) be a differential graded right (resp. left) A-module,

A={A%>0, P={P'}jez, N={N’}jez and A =ker(c:A— k).
The two-sided (normalized) bar construction,
B(P;A;N) = P®T(sA)® N, Bi(P;A;N)"=(PoTF(sA)® N),

is the cochain complex defined as follows. For & > 1, a generic element
plailag|-- - |ax]n in Bi(P; A; N) has (upper) degree |p| + |n| + S5, (sas]). If
k=0, we write p[ Jn = p®1®n € PRT°(sA)® N. The differential d = dy+d;
is defined by

By (P; A; N)! %2 By, (P; A; N)*HY,
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do (plaslaz| - -[ax]n) = d(p )[a1|a2| |ax]n

_Z a1|a2| |d(ai)|"'|ak]n
(=) plagaa] - fardd(n),

Bi(P; A; N) —4 By_y (P; A; N)*,

di(plar]az| - -laxln) = (-1 )""pal[azl Nakln
+Z iplatlag|---lai—1a4|-- - |ag]n
- (_1)Ekp[a1|a2| s |ak_1]akn.

Here €; = |p[ + 3_;<;(Isa;1).
In particular, considering k as a trivial A-bimodule we obtain the complex
BA = B(k; A; k)

which is a differential graded coalgebra whose comultiplication is defined by

T

$(lar] -+ lar]) = D laa -+ Jai] @ [aira -~ lar].

i=0
Recall that a differential A-module N is called semifree if N is the union of an

increasing sequence of sub-modules N (i), ¢ > 0, such that each N(i)/N(i — 1)
is an R-free module on a basis of cycles (see [7]). Then,

LEMMA 1 (see [7, Lemma4.3]). — The canonical map ¢ : B(4;A4;A) — A
defined by o[ ] = 1 and ¢([a1]---|ak]) = 0 if kK > 0, is a semifree resolution
of A as an A-bimodule.

2.2. Hochschild complexes. — Let us denote by A° = A ® A°P the envelopping
algebra of A.

If P is a differential graded right A°-module then the cochain complex

_ def
C.(P;A):=(P®T(sA),0) = P®a B(A; 4; A),

is called the Hochschild chain complex of A with coefficients in P. Its homology
is called the Hochschild homology of A with coefficients in P and is denoted by
HH ,(A; P). When we consider C,(A; A) as well as HH,(A; A), A is supposed
equipped with its canonical right A°-module structure.

For sake of completeness, let us recall the definition of the Connes’ cobound-
ary:
B:C.(AA) — C.(A;A).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



318 FELIX (Y.) & THOMAS (J.-C.)

One has B(ag ® [a1] - - |an]) = 0 if |ap| = 0 and
B(ao ® [aa] -+ Jan]) = Y (~1)*1® [as] -+ |anlaclas| -~ |ai-1]
=0
if |ag| > 0, where

€ = (|sa0| + |sa1|+ -+ |sa¢,1|)(|sai| + -+ |san|).

It is well known that B2 = 0 and Bod+ 0 o B = 0. We also denote by B the
induced operator in Hochschild homology HH . (A; A).

If N is a (left) differential graded A®-module then the (Z-graded) complex

— def
C*(A;N) := (Hom(T'(sA),N),8) = Homy. (B(4; 4;A),N),

is called the Hochschild cochain complex of A with coefficients in the differen-
tial graded A-bimodule N. Its homology is called the Hochschild cohomology
of A with coefficients in N and is denoted by HH*(A; N). When we consider
C*(A; A) as well as HH*(A; A), A is supposed equipped with its canonical left
A¢-bimodule structure.

Consider the graded dual, V'V, of the graded vector space V = {Vi};cz, i.e.
VY = {V,Y}iez with V¥ := Hom(V?, k). The canonical isomorphism

Hom (A ®a- B(A; A4; A), k) — Hom 4e (]B(A;A; A), AV)

induces the isomorphism of complexes C,(A4; A)Y — C*(4; AY).

2.3. The Gerstenhaber algebra on HH*(A; A). — A Gerstenhaber algebra is a
commutative graded algebra H = {H;};cz with a bracket

H;® Hj » Hiyjt1, t®y— {z,y}
such that for a,a’,a” € H:
(3) {a.a’} = (~1)0-D0 D (o, a};
(b) {a, {d,a"}} = {{a,a'}, 0"} + (=1) 14D I={a’ {a,a"}}.

For instance the Hochschild cohomology HH*(A; A) is a Gerstenhaber alge-
bra [14]. The bracket can be defined by identifying C*(A; A) with a differential
graded Lie algebra of coderivations (see [26] and [9, 2.4]).
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RATIONAL BV-ALGEBRA IN STRING TOPOLOGY 319

2.4. BV-algebras and differential graded Poincaré duality algebras. — A Batalin-
Vilkovisky algebra (BV-algebra for short) is a commutative graded algebra, H
together with a linear map (called a BV-operator)

A HY — gkl
such that:
1) Ao A =0;
2) H is a Gerstenhaber algebra with the bracket defined by
{a,a'} := (=1)I*(A(ad’) — A(a)d’ — (~1)!*labA(a")).

3. The Chas-Sullivan algebra structure on H., (LM ) and its dual

We assume in this section and in the following ones that k is a field of
characteristic zero.

Denote by po : LM — M the evaluation map at the base point of S, and
recall that the space LM can be replaced by a smooth manifold ([4], [25]) so
that po is a smooth locally trivial fibre bundle ([1], [25]).

The Chas-Sullivan product
o: H (LM)®*? — H, ,,(LM), zQy+——xe*y
was first defined in [3] by using “transversal geometric chains”. Then
HL(LM) i= H.(LM)
becomes a commutative graded algebra.

It is convenient for our purpose to introduce the dual of the loop product
H*(LM) — H*t™(LM>?). Consider the commutative diagram

Comp

LM*2 —“ LM x,; LM LM

(1) p()”l pol lpo

M2 2 M —— M

where

e Comp denotes composition of free loops,
o the left hand square is a pullback diagram of locally trivial fibrations,
e i is the embedding of the manifold of composable loops into LM x LM.
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The embeddings A and i have both codimension m. Thus, using the Thom-
Pontryagin construction we obtain the Gysin maps

A': HY (M) — H¥™(M>?), &' HF(LM xp; LM) — HFT™(LM*?).
Thus diagram (1) yields the diagram

k+m x2y , @ k H*(Comp) 4
H¥m(LM*?) «— HF(LM x5 LM) ——=2) gk(LM)
(2) H*(po)®2T H*(PO)T TH*(po)
HEFm(M*?) 2 HN(M) ——— HYM)

Following [27], [6], the dual of the loop product is defined by composition of
maps on the upper line :

i' o H*(Comp) : H*(LM) — H*T™(LM*?).

4. Proof of Proposition 1 and the Cohen-Jones-Yan spectral sequence.

The composition of free loops Comp : LM x5y LM — LM is obtained by
pullback from the composition of paths Comp’ : M x5 M! — M in the
following commutative diagram.

LM xp LM M7 s MT
%p | A
(Comp) LM ! M! (evg,evi=evg,ev1)
evo J (evg,ev1)
P oy (i xa)ea YL
2
M X MX*

Here A denotes the diagonal embedding, j the obvious inclusions, ev; denotes
the evaluation maps at t, and pry5 the map defined by pry5(a,b,c) = (a, ¢).

Let (A, d) be a commutative differential graded algebra quasi-isomorphic to
the differential graded algebra C*(M). A cochain model of the right hand
square in diagram (Comp) is given by the commutative diagram

B(A; A; A) ——— B(A; A; A) @4 B(A; A; A)

1) | |

A®2 ¥ A®3

TOME 136 — 2008 — N° 2



RATIONAL BV-ALGEBRA IN STRING TOPOLOGY 321

where ¥ and 1 denote the homorphism of cochain complexes defined by

k
U(a® la] - |ax] ® a) :Za@[a1|-~-|a¢]®l®[a,-+1|~-|ak]®a',
i=0

Ya®d)=a®1®d.

We consider now the commutative diagram obtained by tensoring diagram (7)
by A:

A® 02 B(A, A, A) =25 A® 400 (B(A; 4; A) ®4 B(A; 4; A))

(1) | |

A ® A2 A®2 d &y A ® 403 A®3

Since B(A; A; A) is a semifree model of A as A-bimodule, we deduce from [8],
p. 78, that diagram (}) is a cochain model of the left hand square in dia-
gram (Comp). Obviously, we have also the commutative diagram

A® 02 B(A, A A) A®p03 B(A;A;A) @4 B(A4; 45 A)

- T

A®T(sA) 49 A®T(sA) ® T(sA)

id @V
———

where ¢ denotes the coproduct of the coalgebra T'(sA). Thus we have proved:

LEMMA 2. — The cochain complex C.(A; A) is a cochain model of LM, (i.e.
we have an isomorphism of graded vector spaces HH.(A;A) = H*(LM).)
Moreover, the composite

C.(4;4) C.(4;4) ®a Ci(4;A)
A®T(sA) —222, A®T(sA)® T(sA)

is model of the composition of free loops.

Recall now that the Gysin map A' of the diagonal embedding A : M —
M x M is the Poincaré dual of the homomorphism H,(A). This means that
the following diagram is commutative:

H,.(A)

H, (M) H,(M x M)

—ﬂ[M]TE ET—H[MXM]

H*(M) —2 5 H*(M x M)
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Let A be a Poincaré duality model of M and p4 as defined by diagram (2) of
the introduction. The linear map us = A — A ® A is a cochain model for A'.
Next observe that, [26], we can choose the pullback of a tubular neighborhood
of the diagonal embedding A as a tubular neighborhood of the embedding
i: LM x3 LM — LM x LM. Thus the Gysin map ' is obtained by pullback
from A'. Therefore, since A is graded commutative, then C,(A;A) is a A-
semifree and we have proved:

LEMMA 3. — The linear map of degree m
C.(A;A) @4 Cu(A; A)—=s A ® go2 Cau(A; )2 142 0 (4; 4)®2

commutes with the differential and induces i' in homology.

Then a combination of Lemmas 2, 3 and Lemma 4 below gives Proposition 1
of the introduction.

()
LEMMA 4. — The duality isomorphism (HH , 1, (A; A))Y = HH*T™(A; AY) =
HH*(A; A) transfers the map induced by ® on HH,(A; A) to the Gerstenhaber
product on HH*(A; A).

Proof. — Observe that the composite (dotted arrow in the next diagram) in-
duces the Gerstenhaber product in HH*(A; A).

Hom(T'(sA), A)®2 ————— Hom . (B(4; 4; A), A)®? feg
Hom e (B(A4; A; A) @4 B(A; A; A), ARy A) f®ag
~ Hom(B(A;A;A)®@AB(A;A;A),1)
Hom 4 (B(A4; A; A) @4 B(A; A; A), A)

Hom(¥,A)

Then the remaining of the proof follows by considering an obvious commutative
diagram. O
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Spectral sequence. — By putting F), := A ® (T(sA)) Sp, for p > 0, we define a
filtration

ART(sA)D---DF,D>F, 1D>---DA=F,
such that 0F, C F, and ®(F},) C @ Fi, ®Fy. The resulting spectral sequence

k+4=p
EY?= HY(M)® H?(QM) = H?"(LM)

is the comultiplicative “regraded” Serre spectral sequence for the fibration py :
LM — M. It dualizes into a spectral sequence of algebras

Hqum(M) ® Hp(QM) = Hp+q(LM)-

We recover in this way, for coefficients in a field of characteristic zero, the
spectral sequence defined previously by Cohen, Jones and Yan [6].

5. Proof of Proposition 2.

Let p: S* x LM — LM be the canonical action of the circle on the space
LM. The action p induces an operator A : H,(LM) — H, ;(LM). The
Chas-Sullivan product together with A gives to H,(LM) a BV-structure [3].

Denote by My = (A V,d) a (non necessary minimal) Sullivan model for M
[8, §12]. We put sV = V and denote by S the derivation of AV ® A V defined
by S(v) = v and S(v) = 0 for v € V and ¥ € V. Then a Sullivan model for
LM is given by the commutative differential graded algebra (AV ® A V,d)
where d(7) = —S(dv) [34]. Moreover in [33] Burghelea and Vigué prove that a
Sullivan model of the action p : S x LM — LM is given by

M, (AVeA\V.d) — (Aw0) & (AVOAV,d), [ul=1),
My(a) =1®a+u®S(a), ae A\VaAV.
In particular the map induced in cohomology by the action of S* on LM
is given by the derivation S : H*(AV® AV) —» H*"}(AV ® A V). Denote

now by B the Connes’ boundary on C.(MMy;My) = AV @ T(sAV). D.
Burghelea and M. Vigué proved the following lemma in [31, Thm. 2.4].

LEMMA 5. — The morphism f : C.(Mur; Mar) — (Mar @ \V) defined by
1
fla®lail--las]) = —ja5(ar) -~ S(an)
is a quasi-isomorphism of complexes and fo B = So f.

Lemma 5 identifies the Connes boundary, B acting on HH,.(A;A) =
H, (9ar; M) with the circle action and thus with the Chas-Sullivan BV-
operator on H*(LM) = HH,(A; A). This is Proposition 2 of the introduction.
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6. Hodge decomposition

With the notation of the previous sections, let (M ® AV, d) be a Sullivan
model for LM. Denote by G» = AV ® APV the subvector space generated
by the words of length p in V. The differential d satisfies d(G?) C GP. Thus
we put

Hy (LM) := H"(G").
This decomposition splits H*(LM; k) into summands given as eigenspaces of
the maps LM — LM induced from the n-power maps of the circle e — ™™t
[33]. It defines by duality a Hodge decomposition on H,(LM). We are now
ready to prove Theorem 2 of the introduction.

Proof of Theorem 2. — Recall that the differential @ in C*(9Mys; M ys) decom-
poses into 8 = 9y + 91 with 8y(Myr ® TP(sAV)) C My @ TP(sAV), and
51(9:RM & TP(SW)) CMy Tp_l(SW).

We consider the quasi-isomorphism f : C*(9Mar; Mas) — (Mar @ AV, d)
defined in Lemma 5. If we apply Lemma 5, when d = 0 in AV, we deduce that
Ker f is 0;-acyclic.

LEMMA 6. — Let us define K?) := Ker f N (M @ T?(sAV)).

1) Ifw € K®NKerd then there ezists w' € @, >p1 K such that Ow' = w.
2) f induces a surjective map

(zmM ® TZP(SW)) NKero —» (EUIM ® /\psV) N Kerd.

Proof. — If w € K NKerd then w = d(u+v) with u € K® and v € K(ZP+1),
Since d;u = 0 we have u = 86, some 3 € K@t and thus w — dB; € KD,
An induction on n > 1 we prove that there exists 3, € K@t such that
w—dB, € KP+™. Since A\ V is l-connected (M @ T”*”(s/\iV))lw‘ = 0 for
some integer ng. We put w’ = Bno-

In order to prove the second statement, we consider a d-cocycle o € My ®
AP sV and we write o = f(w) for some w € M QTP (sAV). It follows from the
definition of f that dw € K®~1). Thus, by the first statement, dw = dw’ some
w' € KP), Then w = w — w' is d-cocycle of K2P such that f(w) = a. O

To end the proof of Theorem 2, let us consider « € H[’;J (LM). By Lemma 6,

«a is the class of f(3) where 8 € My ® T="(s/\ V). Therefore ®(3) belongs
t0 Dt jon My @ TH(sAV)) @ (Mur ® T/ (sAV)) (see Lemma 2). Now since
fOMy ® TP(SW)) C My @ NSV,

[@(a)] € @ Hfy(LM)® Hfjj(LM). O

i+j2>n
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Now, as announced in the introduction (Proposition 3) there is an other
interpretation of H, [Z](LM ) in terms of the cohomology of a differential graded
Lie algebra.

Let L be a differential graded algebra L such that the cochain algebra C*(L)
is a Sullivan model of M, [8, p.322]. In particular, the homology of the en-
veloping universal algebra of L, denoted UL, is a Hopf algebra isomorphic
to H.(QM). We consider the cochain complex C*(L; ULY) of L with coefficients
in ULY considered as an L-module for the adjoint representation. We have
shown (see [12, Lemma 4]) that the natural inclusion C*(L) — C*(L; ULY) is a
relative Sullivan model of the fibration py : LM — M. Write C*(L) = (A 'V, d),
then V = (sL)” and V = L". There is also (Poincaré-Birkoff-Witt Theorem)
an isomorphism of graded coalgebras, [8, Prop. 21.2]:

Yy:ANL—UL, ziA---ANzx)— Z €cTo(1) " To(k)-
ceSy
If we put I'” = (AP V') we obtain the following isomorphisms of cochain com-
plexes
(ANVeRAV,d)=C*(L;ULY), GP=C*(L;(I?)Y)
which in turn induce the isomorphisms
H*(LM) = Extyr(k,ULY), H},(LM) = Extyr(k,T?(L)")

and by duality,

H,(LM) = Tot* (k,UL,), HF(LM)= TotV* (k,T?).
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