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226 L. GRAFAKOS, L. LIU & D. YANG

REsuME (Caractérisations de fonctions radiales mazimales pour les espaces de Hardy
sur les RD-espaces)

Un RD-espace X est un espace de type homogéne au sens de Coifman et Weiss,
possédant en outre une propriété de doublement inverse. Les auteurs prouvent que pour
un espace de type homogéne X de « dimension » n, il existe un pg € (n/(n+1),1) tel que
les quasi-normes LP(X) des fonctions radiales maximales et grand-maximales d’une
certaine classe de distributions soient équivalentes lorsque p € (po,o0]. Ce résultat
fournit une caractérisation des espaces de Hardy sur X en termes de fonctions radiales
maximales.

1. Introduction

The theory of Hardy spaces on Euclidean spaces plays an important role in
harmonic analysis and partial differential equations and has been systematically
studied and developed; see, for example, [7, 19, 8, 21]. It is well known that
spaces of homogeneous type, in the sense of Coifman and Weiss [3], are a natural
setting of the Calderén-Zygmund theory of singular integrals; see also [4].

A space of homogeneous type is a set X equipped with a metric d and a
regular Borel measure p having the doubling property. Coifman and Weiss
[4] introduced the atomic Hardy space H%, (X) for p € (0,1] and further es-
tablished a molecular characterization for Hl, (X). Moreover, under the as-
sumption that the measure of any ball in X is equivalent to its radius (i.e., X
is an Ahlfors 1-regular metric measure space), when p € (1/2,1], Macias and
Segovia [14] used distributions acting on certain spaces of Lipschitz functions
to obtain a grand maximal function characterization for H%, (X); Han [10] fur-
ther established a Lusin-area characterization for H%, (X), and Duong and Yan
[6] characterized these atomic Hardy spaces in terms of Lusin-area functions
associated with certain Poisson semigroups. Also in this setting, a deep result
of Uchiyama [22] states that if p € (pg, 1] for some py near 1, for functions in
L'(X), the LP(X) quasi-norms of the grand maximal functions as in [14] are
equivalent to the LP(X) quasi-norms of the radial maximal functions defined
via some kernels in [4].

An important special class of spaces of homogeneous type is called RD-
spaces, which is introduced in [12] (see also [11, 15]) and modeled on Euclidean
spaces with A..-weights (Muckenhoupt’s class), Ahlfors n-regular metric mea-
sure spaces (see, for example, [13]), Lie groups of polynomial growth (see, for
example, [23, 24, 1]) and Carnot-Carathéodory spaces with doubling measure
(see, for example, [16, 17, 5, 20, 18]). A Littlewood-Paley theory of Hardy
spaces on RD-spaces was established in [11], and these Hardy spaces are shown
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RADIAL MAXIMAL FUNCTION CHARACTERIZATIONS 227

to coincide with some of Triebel-Lizorkin spaces in [12]. The grand, nontan-
gential and dyadic maximal function characterizations of these Hardy spaces
have recently been established in [9].

The main purpose of this paper is twofold: first to generalize the results
of Uchiyama [22] to the setting of RD-spaces and second to replace the space
L'(X) used by Uchiyama in [22] by certain spaces of distributions developed
in [11, 12]. In other words, we build on the work of Uchiyama [22] to establish
a radial maximal function characterization for the Hardy spaces in [11].

To state our main results, we need to recall some definitions and notation.
We begin with the classical notions of spaces of homogeneous type ([3], [4]) and
RD-spaces ([12]).

DEFINITION 1.1. — Let (X,d) be a metric space with a regular Borel measure
w such that all balls defined by d have finite and positive measures. For any
x € X andr >0, set B(z,r)={y e X : d(z,y) <r}.
(i) The triple (X,d, ) is called a space of homogeneous type if there exists a
constant Cy > 1 such that for allz € X and r > 0,

(1.1) w(B(z,2r)) < Cou(B(z,r)) (doubling property).

(if) Let 0 < k < n. The triple (X,d, ) is called a (k,n)-space if there exist
constants 0 < C; < 1 and Co > 1 such that for all x € X, 0 < 1 <
diam (X)/2 and 1 < X < diam (X)/(2r),

(1.2) CiA"w(B(z,7)) < w(B(z, Ar)) < CoA"u(B(z, 1)),
where diam (X) = sup, ,cx d(z,y).

A space of homogeneous type is called an RD-space, if it is a (k,n)-space for
some 0 < k < n, i. e., some “reverse” doubling condition holds.

REMARK 1.2. — (i) A regular Borel measure u has the property that open
sets are measurable and every set is contained in a Borel set with the
same measure; see [13].

(ii) The number n in some sense measures the “dimension” of X. Obviously
any (k,n) space is a space of homogeneous type with Co = C32™. Con-
versely, any space of homogeneous type satisfies the second inequality of
(1.2) with Cy = Cy and n = log, Cy.

(iil) If p is doubling, then u satisfies (1.2) if and only if there exist constants
ag > 1 and 50 > 1 such that for all z € X and 0 < r < diam (X)/ao,

w(B(z,a0r)) > Cou(B(z,7)) (reverse doubling property)

(If ap = 2, this is the classical reverse doubling condition), and equiva-
lently, for allz € X and 0 < r < diam (X)/ay,

B(z,aor) \ B(z,r) # &;
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228 L. GRAFAKOS, L. LIU & D. YANG

see [12]. From this, it follows that if X is an RD-space, then u({z}) =0
forallz e X.

Throughout the whole paper, we always assume that X is an RD-space
and p(X) = oco. For any z, y € X and 6 > 0, set Vs(z) = p(B(z,d)) and
Viz,y) = p(B(z,d(z,y))). It follows from (1.1) that V(z,y) ~ V(y,z). The
following notion of approximations of the identity on RD-spaces is a variant of
that in [12, Definitions 2.1, 2.2]; see also [11].

DEFINITION 1.3. — Lete; € (0,1], €2 > 0 and e3 > 0. A sequence {Si}rez of
bounded linear integral operators on L?(X) is said to be a special approzimation
of the identity of order (€1, €2, €3) (for short, (€1, €2, €3)-SAOTI ), if there exists
a constant C3 > /2 such that for allk € Z and all z, x', y and y’ € X, Si(z,vy),
the integral kernel of Sk is a function from X x X into [0,00) satisfying

. 1 o—kea .
(1) Sk(z.y) < Gy v veEy EFraEe

. d(z,z’)°1 1 2 ke2
(i) 1Sk(z,9) = Sk(@",9)| < Csriag v, e @1, @) FVEy) @ Frd@ )=

for d(z,2’) < (27% +d(z,y))/2;
(iii) Property (ii) holds with x and y interchanged;

. d(z,z’")1 d(y,y’ )1
() [54(z,) = Selo/)) = 1Su(a') = Sy | < Oo et ot
2 kes

X V2—k($)+v2—1k(y)+v(w7y) T a7 ford(z,2') < (2% +d(z,y))/3 and
dy,y') < (27F +d(z,9))/3;

(v) C3Va—k(2)Sk(z,2) > 1 for allxz € X and k € Z;

() [y Sk(z,y) du(y) =1 = [, Sk(z,y) du(z).

We remark that (i) and (v) of Definition 1.3 imply that C3 > v/2. The
existence of (€1, €2, €3)- SAOTI’s was proved in [12, Theorem 2.1].

The following spaces of test functions play a key role in the theory of function
spaces on RD-spaces; see [12, 11].

DEFINITION 1.4. — Let ;7 € X, r € (0,00), 8 € (0,1] and v € (0,00). A
function ¢ on X is said to be a test function of type (x1,7,B,7) if there exists
a nonnegative constant C' such that

. r vy .
(1) lo(@)| < CVT(xl)-:V(zl,z) <T+d(z1,w)) for allz € X;

.. T, B r v
(ii) |e(z)—¢(y) < C (T_,i(l(z?x)) Vr(m1)+1V(ac1,w) (T+d($17$)) forallx,ye X
satisfying d(z,y) < (r + d(z1,x))/2.

We denote by G(x1,7,8,7) the set of all test functions of type (z1,r,8,7). If p €
G(z1,7,B,7), we define its norm by |||l g(zy,r, 8,y = Inf{C : (i) and (ii) hold}.
The space G(x1,7,8,7) is called the space of test functions.
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Throughout the whole paper, we fix z; € X. Let G(8,7) = G(z1,1, 5,7).
It is easy to see that for any x5 € X and r > 0, we have G(zo,7,8,7) =
G(B,~) with equivalent norms (but with constants depending on z1, z2 and r).
Moreover, G(3,) is a Banach space.

For any given € € (0,1], let G5(83,7) be the completion of the space G(,¢)
in G(8,7) when 8, v € (0,¢]. Obviously G§(e,€) = G(e,€). Moreover, ¢ €
G§(B,7) if and only if ¢ € G(8,~) and there exists {¢;}ien C G(€, €) such that
I — Billg(e.ny — 0 as i — oo If o € G5(8,7), define [[pllgs (s = I¢lloon-
Obviously GG(83,7) is a Banach space and [|¢|ge(s,y) = limi—oo |#illg(s,4) for
the above chosen {¢;}ien. It is known that G§(8,~) is dense in LP(X) for
p € [1,00); see [12, Corollary 2.1]. Let (G§(8,7))’ be the set of all bounded
linear functionals f from G§(53,7) to C. Denote by (f,¢) the natural pairing
of elements f € (G§(8,7)) and ¢ € G§(8,7).

Let € € (0,1), 8, v € (0,¢) and p € (0,00]. If f € (G5(B,7))’, then for all
z € X, we define the grand maximal function of f to be

F*(@) = sup {|(£,0)] : ¢ € G(e,), [@llg(ercc) < 1 for some 7 > 0} .

Define the corresponding Hardy space by
H>?(X) = {f € (G5(8,7) + If"l|r(a) < o0}

For any f € H*P(X), set ||f|l = rx) = [If*|zr(x)- Let {QF : k € Z, a € I;}
be the Christ dyadic cube collection of X, where Ij is some index set; see [2].
For any f € (G§(83,7))', we define the dyadic maximal function My(f) of f by
setting, for all x € X,

B 1
Ma(f)(x) = P {M(Q,é)/% ISk(f)(y)ldu(y)} xqx (@),

and define HY(X) to be the corresponding Hardy space; see [9, Definition 2.9].
When p € (1,00], it was proved in [9, Corollary 3.12] that H*?(X) = H,(X) =
LP(X) with equivalent norms.

DEFINITION 1.5. — Lete; € (0,1], €2 >0, €3 > 0, € € (0,€1 Ae2) and { Sk }rez
be an (€1, €2, €3)-SAOTI. Let p € (0,00] and f € (G5(8,7))" with 3, v € (0,¢).
Define the radial mazimal function of f to be Mo(f)(z) = supyez |Se(f) ()]
for all x € X. The corresponding Hardy spaces are defined by

HE(X) = {f € (G5(8:7) : [Mo(f)llzex) < o0},
and moreover, we define ||f||Hg(X) = [[Mo(f)llLrcx)-
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The properties (i) and (ii) in Definition 1.3 imply that My(f)(z) < f*(z)
for all z € X. In what follows, for simplicity of presentation, for any t > 0, we
use the notation

(1-3) St(x,y) = Z Sk(xay)X(Z—k—l,Q—k](t)'

kez
By (1.3) and Definition 1.5, it is easy to see that for all z € X,
(1.4 Mo(1)(2) = sup[Si( ) (@)

Obviously, S; satisfies (i) through (vi) in Definition 1.3 with 27* replaced by t.
From (iv) and (v) in Definition 1.3, it follows easily that there exist constants
Cy € (0,(C3)"%/¢1) and C5 > 1 such that for all ¢ > 0 and all z, y € X
satisfying d(z,y) < Cqt,

(1.5) C5Vi(2)Si(x,y) > 1.

This observation is used in applications below.

Denote by M the centered Hardy-Littlewood maximal operator. To be
precise, for any f € LL _(X) and z € X, set

loc
. 1
M@ =p s | @)

Then M is weak-type (1,1) and bounded on LP(X) for p € (1,00] in [4, 3].
It is not so difficult to show that for all x € X, Mo(f)(z) < M(f)(z) and
Ma(f)(z) S M(Mo(f))(z) by their definitions and Lemma 2.1 (iv) below.
Therefore, we have Hp(X) = LP(X) with equivalent norms when p € (1, c0].

The main result of this paper concerns the spaces Hj (X) and H*?(X), and
is as follows.

THEOREM 1.6. — Let ¢; € (0,1], e2 > 0, €3 > 0 and € € (0,e1 A €2). Let
{Sk}trez be an (e1,€2,€3)-SAOTI and My be as in (1.4). Then there exist
o € (0,1/2) and n € (0,(1 — o) A (1/2)), both depending only on X and e,
such that for any given p € (n/(n + log, (1 — 0)),00] and all f € (G5(B,7))
with B € (0,1og, (1 — o)) and v € (0,¢),

1 |e 2y < ClIMo(f)llLr 2y,
where C' is a positive constant independent of f.

Theorem 1.6 will be a consequence of the following key proposition.

PROPOSITION 1.7. — With the notation of Theorem 1.6, for any &y €
(0,log, (1 — o)), there exists a positive constant C, depending on X, € and do,
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RADIAL MAXIMAL FUNCTION CHARACTERIZATIONS 231

such that for all f € (G5(B,7))" with B € (0,log, (1 — o)) and v € (0,¢), and
all € G(xo,70, €, €) satisfying |¢llgze,re,e,e) < 1 for some zg € X and ro > 0,

(f,p)| <C [M([Mo(f)]"/(”“t)))(xo)](””0)/”'

We remark that in Theorem 1.6 and Proposition 1.7, it is not necessary to
assume that {Sk}rez has the property (vi) of Definition 1.3. Moreover, The-
orem 1.6 follows easily from Proposition 1.7; see Section 3 below. The main
ingredient in the proof of Proposition 1.7 is to expand ¢ as in Proposition 1.7
into a sum of certain S; as in (1.3); see (3.11) below. When X is an Ahlfors
1-regular metric measure space, for any Lipschitz function with bounded sup-
port, Uchiyama in [22] established an expansion similar to (3.11), which holds
pointwise. Unlike [22], we prove that for any ¢ as in Proposition 1.7, (3.11)
also holds in G§(8,7) with 8 and ~ as in Proposition 1.7. This allows us to
relax the assumption f € L'(X) to f € (G5(8,7))’.

From the fact Mo(f) < f* and Theorem 1.6, it follows that for p in a certain
range of (0,1], Hy(X) coincides with H*?(X) as a subspace of certain distri-
bution spaces (G§(5,7))’. Recall that when p € (n/(n+1),1], [9, Remark 3.16]
and [9, Corollary 4.19] tell us that the definition of H*?(X) is independent of
the choices of (G§(3,7))" with 8, v € (n(1/p — 1), €). Therefore, we deduce the
following conclusion.

COROLLARY 1.8. — Let €1, €3, €3, 0 and n be as in Theorem 1.6 and € €
(0,e1 A €e2). Let po = n/(n +log,(1 — o)) and p € (po,1]. Then H{(X) =
H*P(X) with equivalent quasi-norms, where HY(X) and H*P?(X) are defined
via (G§(B,7)) with some 8 € (n(1/p — 1),n(1/po — 1)) and v € (n(1/p —
1),€). Consequently, the definition of HE(X) is independent of the choices of
(€1, €2,€3)-SAOTI and (G§(8,7)) with 8 and v as above.

REMARK 1.9. — We point out that in Theorem 1.6 and Proposition 1.7, it is
not necessary to assume that X satisfies the reverse doubling condition deter-
mined by the first inequality of (1.2). However, the assertion H(X) = LP(X)
when p € (1,00] and Corollary 1.8 do need this assumption, since, to obtain
these conclusions, we need to use the Calderdn reproducing formulae in [12],
which depend on the reverse doubling condition.

The organization of this paper is as follows. In Section 2, we give some
technical lemmas which will be used in the proof of Proposition 1.7. Section 3
is the main part of this paper, which contains a proof of Proposition 1.7 and
also of Theorem 1.6.

In this paper we use the following notation: N ={1,2,---}, Z; = NU{0} and
R4 = [0,00). For any p € [1, 00], we denote by p’ the conjugate index, namely,
1/p+1/p’ = 1. We also denote by C a positive constant independent of the
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232 L. GRAFAKOS, L. LIU & D. YANG

main parameters involved, which may vary at different occurrences. Constants
with subscripts do not change through the whole paper. We use f < g and
f = g to denote f < Cg and f > Cg, respectively. If f < g < f, we then write
f ~g. For any a, b € R, set a A b = min{a, b} and a V b = max{a,b}. For any
set F, we denote by §F the cardinality of E.

2. Some technical lemmas

In this section, we establish several technical lemmas which will be used in
the proof of Proposition 1.7. The following lemma includes some basic prop-
erties on RD-spaces, which are used throughout the paper; see, for example,
[12, 9, 11].

LEMMA 2.1. — Let 6 >0,a>0,r >0 and 0 € (0,1). Then,

(i) Forallz,y € X andr >0, Vi (z)+V (z,y) ~ Vo (y)+V(y,z) ~ n(B(y, r+
Ay, 2))) ~ u(B(z, 7+ d(z.9))).

(i) If z, o', 1 € X satisfy d(z,2') < 0(r + d(z,z1)), then r + d(z,x1) ~
r+d(a’, xl) and p(B(z, + d(z,21))) ~ p(B(z',r + d(z', 21))).

(iii) f, A ($)+V($ y)(r+d($ y)) d(z,y)"du(z) < Cr" uniformly in x € X and
r>0ifa>n>0.

(iv) For all f € LL_(X) and z € X, fd(w D)6 V(wy d(wy)a|f y)|du(y) <
CM(f)(x) uniformly in § >0, f € L (X) and z € X.

When § = 0, the following lemma provides a property of Carleson measures
on RD-spaces; see [12, Proposition 5.14].

LEMMA 2.2. — Letp € (1,00] and 6 > 0. Let v be a non-negative measure on
X x Ry such that for allx € X and r > 0,

(2.1) v(B(z,7) x (0,7)) < [w(B(z,r))]* .
Then there exists a positive constant C such that for all f € LP(X),

{/ |F(r,y, PP dv(y,r)
A xRy
where and in what follows, F(r,z, f) = S.(f)(z) for allr >0 and z € X.

1/(p(1+6))
} < Ol fllorcxys

Proof. — Fix A > 0 and let Wy = {(z,7) € X x R4 : |F(r,z, f)] > A}. For
any ¢ € Z, set

Wer = {x eX: sup |F(r,z, f)|l> )\} .

20-1<r<2t
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For each N € N, let Ex = {z € X : sup,-on~ [F(r,z, f)| > A}. It is easy to
deduce that

2.2 lim Ey = 2.

To prove (2.2), notice that limy_.. Eny = NyenEn since Ey11 C En for any
N € N. Suppose that (2.2) fails, that is, there exists an x € NyenEn. Thus
for any N € N, there exists 7, > 2% satisfying that |F(r,,z, f)| > \. By this,
(1.3), Holder’s inequality and Lemma 2.1 (iii), we obtain

A<l =] [ 8, s ao)| < gt { ] voraw)

which implies that Von (z) < )ﬁp||f||Lp(X) < oo for all N € N, and hence
w(X) < co. This contradicts the assumption pu(X') = co. Thus, (2.2) holds.

It is not so difficult to prove that for any given N € N, there exist Ly < N
with Ly € Z or Ly = —o0, a set of indices Iy with £ € {Ly +1,--- ,N},
and disjoint balls {B(y,";,2°)} Ly <¢<n, jely,, satisfying

(i) yp; € Wi
(i) B(ypy,2°) N (Up_ps1 Yiety,. Blym :,2™)) = 25
(iii) for any € Wy, B(z,29) N (UYN_, UicIn.m B(yﬁ7i,2m)) #* .

In fact, we start with £ = IV and choose an arbitrary point in Wy ) as y%’l.
Then we find a point y3, € Wxa \ B(yn,,2") such that B(yy ,,2V) N
B(yN 1,2Y) = @. Continuing in this way, by Zorn’s lemma and the doubling
property of the measure i, we arrive at Iy y = N or Iy y will be a finite set.
We then consider £ = N — 1. In this way, one finds the desired balls.

From (i), (ii) and (iii), it follows that for each N € N,

(2.3) Wy C U U B2 x(0,29] | [J(EN x 2V, 0)).

L=Ln+1j€IN;

To see (2.3), notice that for any (z,7) € Wy, |F(r,z, f)| > A. If r > 2V, then
(z,7) € Exy x (2N, 00); otherwise there exists £ < N such that 271 < r < 2¢,
which implies that * € W, . By Property (iii) above, there exist integers
¢<m< N and j € Iy, such that B(z,2%) N B(y} ;,2™) # @. Noticing that
¢ <m, we have z € B(y} ;,2™*!) and thus (z,r) € B(y} ;,2™*") x (0,2™),
which yields (2.3) then.

For any N € N, by (2.3),

N
W) < > Y v(BY,2) x (0,29) + v(Ex x (2N, 00)).

{=Ln+1j€lN.¢

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



234 L. GRAFAKOS, L. LIU & D. YANG

Letting N — oo in the formula above, then using (2.1) and (2.2), we obtain

v(W)) < hm Z Z yz,j,ZHI))]Hé

Z Lyn+1j€INe
1+6

N
(2.4) < lm ¢ > Y u(Blyy,2h) ;

N —o0 .
{=LNn+1jEIN.,

where in the second step we use the fact (3 ;cyla;)® < > jenla;|™ for any

€ (0,1]. Choose p € (1,p). For any N, £ € (Ln,N] and any given j € Iy,
by Property (i), the size condition of S_;, (1.2) and Hoélder’s inequality, we
have

A< sup  |F(r,yp);, f)l

2¢-1<r<2t

1
R — d

+Z / ! ( 2 ) e
et cagy <o Vae () + VY, 2) \ 20 +d(y), 2)

oo p/p
1 ~
sy etedo o f FPP du(z)
Z { V22+k (yév’]) B(yé\fj’26+k)

k=0

< inf {[M (171777) (z,{,vj)];/p L2l € B(ygj,24)} ,

which together with the pairwise disjointness of the balls {B(yé\fj, 2} Ly <t<N, jely .
and LP(X)-boundedness of M yields that for all N € N,

i > u(Byr; 2N < /X [M (|f|p/5> (z)];du(z) SN -

t=LN+1j€lN.,

Combining this with (2.4) shows that AP+ (W) < ||f||’£(,,1(tf)). Then the
desired conclusion follows from the Marcinkiewicz interpolation theorem, which

completes the proof of Lemma 2.2. O

LEMMA 2.3. — Let xg € X, 19 > 0 and g be a non-negative function on X.
Then for any t € (0,1], there exist {z;}; C X with x; = z;(g,t,20,70) and
positive constants Cg and C7 depending only on X such that for all x € X,

(25) 1 S Z XB(mj,C4tT‘j)(x) S 06
J
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and

(26) g(CCj)l/2 < C7F(t’rj7xjagl/ZXB(zj,C4trj))a

where r; = ro+d(z;,z0) and F is as in Lemma 2.2. In particular, there exists
a constant Cg > 1 such that for all j and all x € B(z;, Catr;),
2an To e
V.. (m]) (7) ‘/t’f'j (llj)St"'j (mjv w)XB(Ij,C4tTj)($)

J J

1 o ’
(27) > ‘/7‘0 (l'()) + V(mo, .CC) (’f‘() + d(il?(], SC)) '

where Sy, is as in (1.3). Moreover, Cg through Cs are independent of xg, 1o
and g.

Proof. — For any ¢ € X, set r, = 7o + d(xo, ). By Zorn’s lemma, there
exists a set of points {y,;}; C X satisfying that y; ¢ ug;} B(y;, Catry, /4) and
X = U;B(y;, Catry, /4). From the selection of {y;};, it follows that for any
i g,

1 .
(2.8) d(yi, yj) > Zc4t mln{ryi7ryj}?
and that for all z € X,
(2.9) ZXB(yj,C4tryj /a(@) = 1.

J

By (1.2) and the disjointness of {B(y;, Catro/8)};, we know that {y;}, is at
most countable. For every y;, choose z; = x;(g,t,zo, 7o) satisfying that

(2.10) d(il'j, yj) < C4t’f‘yj /4

and

1
@11) gl < / 9()/2 du(2).
! n(B(y;, C4t7“yj /4)) B(yj, Catry; /4)
Let r; = 74,. By (2.10) and the triangle inequality for d together with Cy < 1/2

and t € (0, 1], we have
(2.12) Ty /2 <1y <21y,

which together with (2.9) implies the left-hand side inequality of (2.5).
For any = € &, set J(z) = {j : d(z;,x) < Catr;}. Notice that for any
j € J(x), by (2.12), 7;/2 < ry < 2r;. This together with (2.10) and (2.12)

yields that J(z) C J(z), where J(z) = {j : d(yj,z) < 3Catry}. It follows

from (1.2) and the pairwise disjointness of {B(y;, Catro/8)}: that §J(z) < oo.
Thus, we may assume that r,, = min{r,, : j € J(z)}. Therefore, by (2.8),
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{B(yj,Catry, /8)}jcs(x) are mutually disjoint. Furthermore, for any j € J(z),
by (2.12) and r;/2 < r, < 2r;, we have
B(yj, C4t’f'x/32) C B(yj, C4t’l"y1 /8) C B(SC, 4C4t7"x) C B(yj, 7C4tT‘x).

From this and (1.2), it follows that §J(z) is bounded by a positive constant
which depends only on X'. This implies the validity of (2.5).

The fact that B(y;, Cytry; /4) C B(x;, Catr;) together with (2.11) and (1.5)
implies (2.6). Since for any x € B(z;, Catr;), we have r;/2 < r, < 2r;. Using
this fact, (1.5), (2.5) and Lemma 2.1 (i), we obtain (2.7), which completes the
proof of Lemma 2.3. O

LEMMA 2.4. — Lett € (0,1], a € [0,00), b € (a,00), M € [0,00) and {z;}; C
X satisfying

(2.13) ZXB(zj,curj)(l') < Cs,
J

where r; = ro + d(xj,z0) with ro > 0 and zg € X and Cs is as in (2.5). For
any j and x € X, set

1 1\¢ Ve,ir; (75)
U (IE) = V’I‘j (1‘]) (TJ) V;Tj (xj) + V;TJ' (.’17) + V(l’j, .'17)

tr; )b (d(zj,as)>
% (trj +d(zj,z) XIM, o) tr; ’

where X[n1, o0) 15 the characteristic function of the interval [M,00). Then there
ezists Cg > 1 independent of xq, ro and M such that for all x € X,

(z max{t® -b : ; a
;u]( ) < Gy max{t", (1 + M) }Vm(wo)+V(l’o,$) <T0+d(w0’x)> .

Proof. — Forany k € Z,set J(k) = {j: 2*"1 <r; < 2¥}andv;, = D ied(k) Yi-
For any fixed z € X, let
Wi ={keZ: (ro+d(zo,z))/2 < 2% < 4(ro + d(z0,2))},
Wo={k€Z: 2" < (ro + d(xo,))/2},
and
W3 = {k €Z: 2k > 4(7”0 + d(l’o,w))}
We then write,
Zu](aj) = Z Z u;(z) + Z Z u;(z) + Z Z uj(x) =71 + 2o + Zs.
j kEW1 jeJ (k) kEW: jeJ (k) kEW3 jeJ (k)

To estimate Z;, notice that for any k € Wy and j € J(k), we have
(2.14)
W(B(zj,r0 + d(zj,0))) ~ u(B(xo,75)) ~ p(B(x0,2")) ~ Vi, (20) + V (20, ).
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For any j € J(k) and z € B(zj,Cytr;), we have d(z,z;) < Catr; < Cyt2F,
which together with Lemma 2.1 further implies that for all z € B(x;, Catr;),
(2.15) t2F +d(zj,x) ~ 28 4 d(z,z), Vi (x;)+V(zj,x) ~ Vigr (2) + V (2, z)
and
d(xj7$) d((l)j,l‘) d(Z,.Z‘)
(2~16) X[M, o) ( tr; < X[M, o) Tpok—1 < X[M—2C4, ) JoR—1 )
From (2.13) through (2.16), it follows that
< 1 1
~ 2a(k=1) V. (zq) + V(z0, )
b
Ve,ir; () 2k d(z;, )
X Z k XM, o) k=1
o7 Vigr (z5) + Vir () + V(zj,2) \ t2*F + d(z;, z) 12

1
~ 20k V. (zo) + V(z0, )

vg(x)

x/ 1 t2k ’ <d(z,a:)> du()
v Vigr (2) + Vi (@) + V (2, 2) \ 125 +d(z,2) ) X200 \ggh1 ) WHE)

Denote by J the integral in the last formula. When 0 < M < 4C4 + 1, by
Lemma 2.1,

1 t2k b )
J$AWWM+WM@+V@@<ﬂMM@@J‘W@5150+M>@

When M > 1+4C4, we have M —2Cy > (1+M)/2. For any i € Nand z € X,
set

Ri={z€ X : 27"F"2(M — 2C,)t < d(z,z) < 2"PF=1 (M — 2Cy)t}.
We then obtain

= 1 t2k ’
J = d
géﬂmw+mmwvwa%mwm)“@
SO M+27 (M —20)] " S (M —2C,) " S (1+ M)~
i=1
Therefore, for all k € W, and x € X, we have
1 (1+M)=°
< =
’Uk(m) ~ 9ak Vro (330) + V(.’L’(), .’E) y
which together with the fact {W; < 5 yields that
1 1+ M)~ 1 1+ M)
ey Lot QM
20k V. (x0) + V(zo,z) ~ (ro + d(zo,x))® Vg (z0) + V(z0, )

keEW
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To estimate Zo, notice that for any k € Wy and j € J(k), we have
ro + d(z0,2) < 70 + d(0, ;) + d(zj,7) < 2% +d(z,2;) < (ro + d(z0,2))/2 + d(z, ;).
From this, it follows that for any j € J(k),

(2.17) d(z,z;) > (ro + d(zo,))/2 > 2"
and thus
(2.18) V(25,2) 2 w(B(@,m0 + d(@0,))) ~ Vi (30) + V (20, 2).

For k € Z and j € J(k), we have Vor(z;) ~ Vor(zg) and B(zj,Catr;) C
B(zg, (1 + C4t)2F), which together with (1.2) and (2.13) yields that
(2.19)

VC4t2k(ZL‘j) </ 1
S Var (@) ™ JB(ao, (1+Caty2r) Vor (o) ;

For any k € Z and j € J(k), we have V;. (x;) 2 Vor(x;), which together with
(2.17), (2.18), and (2.19) implies that

b
Z Z VC4t2k (xj) < t2k >
e e 2ak Vzk i) Vi (z0) + V(zo, ) \ 2F + 1o + d(z0, )

Z XB(zj,C4t7’j)(w) dl'l’(x) rs 1.

eJ(k)

L Eare] Cetee)
<t .
Vo (20) + V(z0,2) \10 + d(20,7)
To estimate Zs, notice that for any k € W3 and j € J(k),
(2:20) Vi, (@) ~ pu(Blaj, ro+d(a;,20)) 2 w(B(w0,2)) 2 Ve (@0)+V (20, 2).
Moreover, since
2F=1 <o+ d(zj, x0) < 1o + d(z4, x) + d(z,z0) < 2572 + d(z;,2),
we have d(z;,x) > 2¥=2 > r; /4. Consequently, for any k € W3 and j € J(k),

(221) Vi, (@5) + Viry (8) + V(25,2) 2 Vi(w5,2) 2 Vi jo(a5).
An argument similar to (2.19) yields that
Vo,ir (x;
(2.22) 3o Gt () <y
iS5G Vrira(@d)

Applying (2.20) through (2.22) and the fact that d(z;,z) > r;/4, we obtain

Y ¥ Lol (Y
2ka ro CL'O —f-V(.'Eo, )V'rj/2(xj) 1+1¢

keEWs3 jeJ(k

3 )
~ " Vo (mo) + V(mo,z) \19 + d(z0, )
which completes the proof of Lemma 2.4. O
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3. Proofs of Theorem 1.6 and Proposition 1.7
Assuming Proposition 1.7 for the moment, we now prove Theorem 1.6.

Proof of Theorem 1.6. — Choose 6y € (0,log, (1—0)) satisfying p > n/(n-+do).
By Proposition 1.7 and the LP("*+%)/"(x)-boundedness of M, we obtain

1 ey < || MM " Mo (),

which completes the proof of Theorem 1.6. O

Lr(X)

The rest of this section is devoted to the proof of Proposition 1.7. The key
for the proof of Proposition 1.7 is to obtain a desired expansion (3.11) for any
¢ € G(zg,70,€,€) in terms of the given (e1,¢€2,€3)-SAOTI and to show this
expansion converges in G§(8,). To this end, for a given ¢ € G(zo, 7o, €, €), we
construct a sequence of functions {¢s}scz, and obtain some desired estimates
for these functions.

Proof of Proposition 1.7. — Let ¢ € G(xo,70,¢,€) satisfy [|0llgzg,ro,e,c) < 1
for some xp € X and r¢ > 0. Write ¢ as

@ = R(p) V0) = (R(p) A0) +i[(S(p) V0) = (S(p) AO)],
where R(¢) and S(p) represent the real part and the imaginary part of the
function ¢, respectively. Since [|©||g(z,ro,e,c) < 1, it follows easily that each
term of the decomposition above has a norm in G(zg, 7, €, €) at most 1. Thus,
we may assume that ¢ is non-negative.
Fix A = 2°F1Cg and some o € (0,1/(1+ AC3Cy)). Choose positive numbers
H and 7 such that

(1 1—0—A03090)1/€ 1 ((1—0—,403090)(1—0))1/“
< 1 1
H < min { ( 2 ) 4AC3090'

2

and

_ H 1 (1—(;)1/61 ( 1 )1/52
g\ - (7 -
77<m1n{(1 o) » G’ AC3Cy’ 3 , H ACCo .

Choose g € (0,log, (1 —0)). For any s € N, applying Lemma 2.3 with t = n°
and g = Mo(f), we obtain {z,;: seN, j=1,---,5(s)} C X, where j(s) can
be finite or co. For each s € Nand j =1,---,4(s), let 5 ; = ro + d(zs,;, zo)-
Lemma, 2.3 further implies that

(A) for any z € X and s € N, 1 < Zz(:si Xz, , (x) < Cg, where B, ; =
B(zs,j, Can’rsj);

(B) Mo(f) (@, )2 < CrF (1, 7y [Mo(F)2x5..,)

Let us now inductively construct {e;; : s€ N, j=1,---,4(s)} C {-1,0,1}
and functions {¢,}sez, satisfying that for all z € X,
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1 To )E
< _ s .
(C) for all s € Zy, |ps(zx)| < (1 —0) Vi (@) & Vizo 2) <7"0 T doa))

(D) po(z) = ¢(x), and for any s € N,

s J('L

(3.1) ps(z)=¢ Aa§:§:1.-a Lei

i=1 j=1
Veunsri; (Tig) (10 \°
Vounr,; (i) ( - ) Siirs ; (Tij, T)-
VT‘i,j (xi,j) 74,5 T
In fact, obviously, ¢ satisfies (C). Suppose that {¢; j: i =1,--- ,s—1;j =

1,--+,j(i)} and {p;}:Z] satisfying (C) have been constructed. Then for each
j=1,---,7(s), let s ; = sign(ps_1(zs,;)), and ¢, be as in (D). Now it remains
to verify that ¢, satisfies (C). To this end, for all z € X, set

i(s)
VC nsr .(1135 j) To ¢
(3.2)  ws(x AO’E e (—) Snere,; (Ts,j, ).
Vi s (@) Nrsg/ 71T

By the size condltlon of S;, e > € and Lemma 2.4 with t =7n°, a = ¢, b = €
and M = 0, we obtain

i(s)
VC nsr (.'ESJ) To €
lws(z)| < AC30 )s A e R ( )
Z Vrs,j (xs,j) rs,j
e
Vier, 3 (®s,5) + Vaer, ; (@) + V(@s 5, 2) \n°rsj + d(zs5, )
_ 1 o ‘
3.3 < AC5Cy0(1 — o)t ( ) )
B8) <Aoo Viwoa) \rot R
If d(z,y) < ns_l(ro + d(x0,2))/2, then for any ¢ = 1,- — 1, we have that

d(z,y) < (n'ri; + d(z, a:”))/Q This combined with the regularlty of Syir, ,
and Lemma 2.4 with t = 7", a = € + €1, b = €1 + €3 and M = 0 yields that

|(ps 1(1')_908 l(y)|
s—1 7(¢)

< |o(x) — |+AC3O’ZZ(1—O‘

i=1 j=1
Veunir.,; (i) ( ro

€
— | 1S,y (255 — S, (T4
Vi s (@ig) Ti,j) |Sutri s (@3, @) = Syir (@05, Y)

s—13(3) 1 . 0‘ € nir, ) €2
< AC <*) < ; G )
< lp(z) —(y)| + 302 Z (z:,) nir; + d(z; j, )

i=1 j=1 ”w Ti,j

Veunin, (i) < d(z,y) >“
Vv, (@i g) + Viir, (@) + V(i j,2) \n'rij + d(zij, )

X
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AC3Cy0 (1 - 0)5‘1
< — -
<lo(x) — p(y)| + [pp—— { e 1

1 d(z,y) “ 0 ¢
(3.4) x Vyo (m0) + V (20, T) <r0 + d(=o, x)) (ro +d(z, x0)> ’
When
(3.5) d(z,y) < Hn*~'(ro + d(y, o)),

the assumption that H < 1/4 gives d(z,y) < 2Hn* " (ro+d(z0,z)) < n° " *(ro+
d(zo,x))/2, which together with (3.4) and the regularity of ¢ yields that

€ s—1 €1 €1 s—1
1-0 l—0—n= 1-0

X Vo (Svlo)_—i—a);(_;o, x) (7‘0 + ;Fxo, x) )e
(3.6) S P Cheld i ( To ))E,

lps—1(x) — ps—1(y)| <

- Vio (z0) + V(zo,2) \1ro + d(z0,x
where
2H) A
Ay = (2H) + M.
l1—0—n=

For any A € R and s € N, set

Rop = {x €X: puma(@) > AL -0)" Vi (z0) -:V(azo,w) <T‘0 + g?xg,m))e} '

If ps—1(xs,;) <0, then by (3.6) and the definition of Q; x, we obtain

(3.7) B(xs;,m° s j/3) ﬂnsm = .

In fact, for any = € B(zs ,n° 'rs ;/3), by (3.6),

(1-0) o)
ps-1(z) < @s—1(2s,5) + Am Vio (o) + V (20, 2) <7‘0 + d?J/’OJJ))

N ¢ k) ( o )
Y,y (o) + V(zo, ) \1o + d(zo,z)/

which implies that = ¢ Q; , and thus (3.7) holds.
For any z € X, by (3.2), we write

o1 Veurrra, (@) (7o
wi@ = 3, Adll-o) 1M(
(j: ps1(zs,)>0} 75,5\ s,

- > =111

{j:ps—1(zs,5)<0}

€
) S”']S"'s,j (msmx)

Ts,j
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We now turn to obtain a desired upper bound for ¢, by considering two
cases: T € 55, and ¢ & Q, 5, . For any « € Q »,,, Property (A) implies that
z € B(zs,j,, Can’rs j,) for some jo. By this and the assumption n < H/Cy,
we have d(z, x5, ) < Can’rs j, < Hn*"1rg j,, which together with (3.7) implies
that ¢s_1(xs,5,) > 0. Thus, by (2.7),

VC Spo s (ZL‘S 1 ) To €
1 >A 1_— s—1 4M°Ts,j9 »JO < ) Ss . .
= A ) \ragy) ST

Ao(1—o)571 1 ( To >6
Cg2¢ Vio (@0) + V(z0,2) \7ro + d(z0,2)/

On the other hand, by (3.7) and Lemma 2.4,

AC5Cy0(1 — o)1 70 ‘ se —1y—e
Vio (z0) —E— V(xz,x) (ro + d(:z:o,x)) max{1)*%, (1+ ™)™},
From the assumption on 7, it follows easily that

A
Cg2¢
which together with the estimates for I and II yields that when = € € »,,,
o(l—o)s71! 0 ¢

38 )2 s (it )
Thus, by (2.1) and the fact that (C) holds for s — 1, we obtain that when
€ Qs np,

— — WglT (1 n U)s i 6
vs(r) = ps—1(x) s(x) < Vo (x0) + V (20, T) <7"0 +d(x0,x)> .

Let now x ¢ Q; 5, . Notice that (C) holds for s — 1. From this and (3.3), we
deduce that

>

II<

— AC3Co max{n*=2, (1 + Hn~ ')~} > 1,

‘PS(m) = ‘Ps—l(m) - WS(x)

(Y

Vio (z0) + V(z0,2) \1ro + d(z0,2
_ 1 To ‘
AC5Cyo (1 — o)t ( )
+ACsCho(l —0) Vio (z0) + V(z0,z) \10 + d(20,T)

< (1-o0)° ( To )e
= Voo (mo) + V(z0,2) \10 + d(x0,2)/ ’
where in the last inequality, we used the fact Ay + AC3C90 < 1 — 0. Thus, we
obtain a desired upper bound of ;.
Let us now show that ¢ has the desired lower bound also by considering two
cases: « ¢ Qs _», and x € Q, _»,,. For every z, ; satisfying ¢,_1(xs ;) > 0, by
(3.6) and an argument similar to the proof of (3.7), we have B(zs j, Hn*~'r, ;)N
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(X¥\ Qs _x,) = 9. From this, Lemmas 2.3 and 2.4 together with an argument
similar to the estimates for I and II, it follows that when = ¢ Q, _»,,,

o(l—o)1t ( o )6
3.9 < - .
(39) ws(@) < Vio(@o) + V(zo,z) \7ro + d(x0, )
Therefore, (3.9) and the lower bound of ¢,_; yields that when « ¢ Q, _»,,,
(]. — O')S ( To )6
3.10 s = Ps— — Ws > = ;
B10) (@) = puma(@) ~ (o) > —p D (s

and the validity of (C) for s — 1 together with (3.3) and the assumption A\g +
AC3C90 <1 — ¢ implies that when € Q, _»,,

ws(x) > ps1(r) — ws(z)

_ (1 —U)s_l To €
2 A Vio (z0) + V (20, 2) (7‘0 + d(:rg,:v))

1 r €
—A 1- o)t ( 0 )
C3Coa( o) Vio(@o) + V(zo,z) \7r0 + d(20, )

(1-o0)® ( 70 )6
o _Vro(ﬂﬂo)-f—v(mo,w) ro + d(zo,z)/ '
which together with (3.10) further yields the desired lower bound of .. This
finishes the proofs of (C) and (D).
It follows from (C) and (D) that for all z € X,

o I . Ve irs (-732]) ro \¢

(3.11) p(z)=Ac Y Y (1—0) e, ( ) Syiry ; (i g, )-
=1 =1 Ve (@ig)  \rig ’

Set

Or(z) =40y > (1—0)1—1ei,jw<ﬂ) Spyir, (@15, ).

Vi (x4 T i
= @) \rig

By (A) and (1.2), it is easy to see that the series in ®; has only finitely
many terms. To verify that (3.11) holds in G§(8,7), it suffices to show that
®;, converges to ¢ in G§(B8,7) as L — oo. Notice that for any ¢ and j,
Spir, ; (i) € G(zij,m'ri j,€,€). Thus & € G(e,€) since it has only finite
terms. Now it remains to show

Jim {le = @rllgo,re,6,) = 0-
To this end, we write

VCALWiTi,j (-Ti,j) ( To

€
S i Az s
Vi, (@i) ) nir; (T, T)

o) — Bu(x)] <|Aod, Y (1-0) ey,

— Ti
i=1 {j:nir;;> L'} w
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had . Vounir (T ¢
HAod Y (1 - )i ey ot 102 .5 (7id) <LO> Spirs ; (i, T)

J - .
i=L {j:nir; ;<Li} Vn’j (Iw) i
= &} (z) + % ().
Let us first prove that ®} converges to zero in G(zo,70,08,7) as L — oo.

Notice that € > v and r; ; = ro + d(x;,;,20). By the size condition of S; and
Lemma 2.4, we obtain that for all z € X,

[} i\ €Y ) .. Y
i—1 ( To? Ve T ('Tl, ) T
@iy Y o (W) om0 ) g

Az s o
i=1 {j:nir; ;>L} Tz,]( Z’J) 1,5

(3.12)

< (1—o)n" 1 ( To >AY
~ LY = (1 - 0)n 7 Vig(20) + V(20,2) \10 +d(20,2)/

For any z, y € X satisfying d(x,y) < (ro + d(zo, x))/2, we write
|1 (2) — L (y)]

= i Ve imj(x}’) T ¢
SAUZ Z (1_0) ' ‘;n 1 = < 0) |S7]iri,j(xiyj7x)_Sniri,j($i7j’y)|

i=1 jew! riy (i 5) Ti,j
3D 3RS 35 SIS SRR )
i=1 jew? i=1 jews? i=1

where
Wi ={jeN:nri; > L, dz,y) < (n'rij + d(z,z:;))/2},
Wf ={jeN: nin—’]— > L, d(z,y) > (nin—’]— +d(z,2;5))/2, d(y, x; ;) > d(z,z:5)}
and
W?={jeN:pg'ri; > L, d(z,y) > ('ri; +d(z,3i5))/2, d(y, zi ;) < d(z, 2 5)}-

By the regularity of Sy, ., Lemma 2.4 and n*(ro 4 d(; j, z0)) > L*, we obtain

z < Y (1 - gy Vot (i) (roni>€‘”(ro >”

jew! ‘/7“1‘,1‘ (x%J) L Tl,]
i

x 1 < d(z,y) )“ < UReR )62
Viirs (@i g) + Vi, () + V(@i 4, 2) \nir j + d(i 5, 7) niri; + d(zi 4, 7)

S <(1 - 2)672;_7_61 )Z Vo (%0) JiV(a:O,a:) <7"0 i(g(,fﬂy»)wﬂ))q (TO + ;Exo,a:) >7.
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By the size condition of Sy, ;, d(z,y) > (n'ri; + d(z,2i;))/2, d(y,z:;) >
d(z, i ;), ri; > ro and Lemma 2.4,

. Vi i, \Li,j €
le < Z (1- 0)1—104’7171(]) <r70) [Sni”’j (xs,5,2) + Snirmv (:ci,j,y)]

jew? Vi (zi,5) Ti,j
< i—1 7'0"7i 7 ro \" VC47]i7'i j (xiaj) d(z,y) “
~ Z(l—a) L T Ve, (x5 5) nr
jGWf ,] Ti,j T J 0

y 1 ( niri )Ez+€1
Viire ;@i 5) + Viir, (@) + V(@i 3, 2) \niri; +d(zi 5, )

77'”]

S <(1 - 2)671: - E1) Vio (@0) —I}V(mo,x) (ro _i(;(’j’)xo)yl <r0 + S?:vo,x))y '

From the assumption d(z,y) < (ro + d(zo,))/2, it follows that
(3.13)
ro + d(zo,x) ~ ro + d(y,z0) and V. (zo) + V(zo,2) ~ Vi (z0) + V(z0,y),

which together with the definition of W3 and an argument similar to the esti-
mation of Z? yields that

RS <(1 - 2)6?:_7_61 )l Vro(20) jV(l‘g,x) (7‘0 j(g(fo), fv)>61 (7"0 + ;E)xO»x))V.

By the estimates of Z!, ZZ and Z2, we obtain that when L is large enough and
satisfies L<™7 > (1 — U)n6 e,

(1—o)y7 = ( d(z,y) )“

|q)i(z) ( )| ~ e — ( _0-)776—7—61 T'0+d(.’E0,fL')

1 ( To >'7
Vo (m0) + V(z0,2) \7ro + d(x0,2)/ ’
which together with (3.12) implies that limy,_, ||CI>1L||g(a:0,ro,ﬂ,7) =0

Now we consider |7 ||g(zo,r0,8,7)-
2.4, we obtain that for all x € X,

27(2)] < izl—a VEMUO)W

i=L j Ti,j Ti,j

By the size condition of Si,, ; and Lemma

% VC477iTi,j (fEi,j) ( N'Ti,5 )62
Viir,; (@i5) + Viir, (@) + V(@i 3, 2) \n'rij + d(zi 5, )

neri,;

— o)k ! - 7
(3.14) ,S (1 ) Vro(xO) + V(-’I/'O;x) <r0 + d(-TOax)) .
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For any z, y € X satisfying d(z,y) < (ro + d(zo,x))/2, we write
|©7 (z) — @1 (y)]

o0 Ve (30 ¢
< AO,Z Z (1 _ 0)171657’7’3(1:’3) < To ) |Sni7’i,j (a:i,j,as) - Sni”,j(xtj,yﬂ

i=L jew* riy (i 5) Ti,j
00 00 oo
T D kD D =) (WA B+ ),
i=Ljew? i=L jeW? i=L

where
Wf ={jeN:d(z,y) < (nir,-,j +d(z,z;;))/2},
Wy ={j eN: d(z,y) > (n'ri; + d(x,2:))/2, d(y, zi ;) > d(z, zi;)}
and
W’? = {.7 eN: d($7y) > (Wiri,j +d(x7xi,j))/27 d(y7xi,j) < d(x7xi,j)}'

For any ¢ € N and k =4, 5, 6, by d(z,y) < (ro + d(zo,2))/2, (3.2), (3.3) and
(3.13),

(315) 28 < fos(@)] + )] 5 (1= o) g (gt ) -

The regularity of S,i,, . and Lemma 2.4 show that

Zi‘?Z(l—aylVamM(ro)f( doy) Y

Ve (@ig)  \rij/ \mirg;+d(z; )

x 1 ( T >52
Viire ;@i 5) + Viip, (@) + V(@i 3, 2) \niri; + d(zi 5, )

(3.16) < (177—610>i Vro (20) -EV(LEO,HJ) (7«0 i(jl:(,jo), m)>61 (ro +;Emo,x)>e'

For any j € W2, we have d(y,z; ;) > d(z,z; ;). From this, the size condition
of Syir, ; and Lemma 2.4, we deduce that

ZiSZ(l—ay—lM(ro)6< d(z,y) ))61

jEWS Vi s (®i,5) Ti,j n'ri; + d(wij, T
i

1 < ni"‘i,j )62
V’]iri,j (xiaj) + nirs,; (l‘) + V(xi,]‘, .CL‘) UNER Iu d(xiyj’ II?)

3.17) < (1,7_qa>1 Vro (z0) JiV(xg,x) <ro i(;(,jo), x)>61 <7’0 + ;Ex07x)>€’
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By an argument similar to the estimate of Z2, we obtain
(3.18)

< () st (252) (i)
CYN e ) Ve (xo) + Vo, z) \1o + d(xo, ) ro +d(zo,z)/

The geometric means of (3.16) and (3.15), (3.17) and (3.15), (3.18) and (3.15),
respectively, give that for all ¢ € N and k = 4, 5, 6,

Zk<<1_‘7>i 1 (-t )ﬁ( n Y’
PN b Vio (z0) + V(zo,x) \1o + d(z0, ) ro +d(zo,x)/
Using this and the assumption n° > 1—¢, we obtain, for all z, y € X satisfying
d(z,y) < (ro + d(zo,))/2, the following estimate:

i@ st s (7)) e i(;”gﬁj,@)ﬂ Govitrs)

This together with (3.14) yields that limz, e |97 [|g(z0,r0.8,7
we obtain imz o |®L [ g(ao,r0,8,) = 0 and thus limz, o |®Lllg(w,,1,8,0) = O,
which implies that (3.11) holds in G§(5,7).

y = 0. Therefore,

Set
_ ijz(% 1 i—1 VC477iTi,j (mi,j) ( To )55
V= v j:1( - U) V,-iyj (ZUZ,]) a (z4,5,mri,5)

where d(; -y is the Dirac measure of point (z,7) € X x Ry. Notice that for any
given 4 and j, by Property (B) above, we have

[(Sire s (@igs ) I < Mo(f)(@ig) S [F(0'rig, ig, IMo(f)]Y x5, )1
Then, by this and (3.11),
()
- VC ip, .(ZB,' ) ) ¢ : 2
o yi—1 T Canr i\ 0 oo 1/2
|<f7 <P>| 5 ;;(1 J) er (-Ti,j) (Ti7j> {F (77 Tl,]? xl,]a [MO(f)} XBi.j)]

2

/Xxnh [F (T’x’[Mo(f)]1/2XB(z,C4r))] dv(z,7).

Denote by |log, o] the largest integer no more than log, 9. Since 7;; > 7o,
we then have

v S (ro)* Z 27"V (-’750)71 Z (1- U)iVCAU']iTi,j (xi’j)(s(a?i,jm”i,j)
t=|log, o] +1 {i,5: 2871 <r; <2t}
(3.19)

= (ro)° Z 27y,

t=|log, ro]+1

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



248 L. GRAFAKOS, L. LIU & D. YANG

If 201 <r; ; < 2%, then for any z € B(z; ;, Can'r; ;), we have
d(Z,iL'()) < d(Z7.’Ei’j) + d(.’]?i’j,l'o) < 27’,"]' < 2t+1,

which implies that B(z; j, Can'r; ;) C B(zo,2'"!). From this, it follows that
for any (z,r) € supp v,

(320) F(n z, [Mo(f)]l/ZXB(z,Cu')) < F(T7 Z, [Mo(f)]l/QXB($o,2t+1))'
By (3.19) and (3.20),

(3.21)
Gl 3 2 [ [P (e Mo xpeaen)] duntan)
t=|log, 7o X xR

We claim that for any fixed do € (0, log, (1—0)), there exists a positive constant
Cs, independent of ¢ such that for all x € & and r > 0,

Vi (z) >(n+5o)/n
VQt (:Eo) '

Assume this claim for the moment. By this claim, (3.21) and Lemma 2.2,
we have

(3.22) ve(B(z,r) x (0,r)) < Cs, <

- (n+d0) /n
1
o) < (o) 2“{ / Mo(f) ()] (o) g a:}
I(f; )] (Sz)uogm+1 Ve (@) Bmmm)[ o(f)()] ()

< [M ((Mo(f))n/(n+50)) (930)] (n+60)/n 7

where in the last step, we use (70)° ;2 |1og, roj+12 '© S 1. Thus the desired
conclusion of Proposition 1.7 holds.

To finish the proof of Proposition 1.7, we still need to verify the validity of
(3.22). For any € X and r > 0, set

W ={(,j): 2t—1 < rij < 2t nirl-’j <r dlz,z; ;) <r}

For any (i,j) € W, since C4 < 1, we have B(z; ;, Can'r; ;) C B(z,2r), which
further implies that

(3.23) Y Vo, (@ig) S Vi)

{4: (i, 5) €W}
If (i,j) € W, then 2 < 2r;; < 2rn~*. From this, we deduce that for any
z € B(xo,2"),

d(z,x) < d(z,20) + d(z, T ;) + d(z; 5, ) < 28+ 2"+ 7 < (dn~" + 1)r,
and thus B(z¢,2'") C B(z, (4n~% + 1)r). Moreover, by (1.2),
(3.24) Var(20) S (407" + 1)"Ve(2) S 0~ " Vi (2).
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Combining (3.19), (3.23), (3.24) and the assumption Jo < log, (1 — o) yields
that

vi(B(z,7) x (0,7))

= [Vor ()]~ / Z (1- U)iVCwim,j (@i,3) (. ;. mins ;)
B(z,r)x(0,r) {i,j:2t=1<r; j<2t}

—iny (g do/m
S Var (:L‘O)]_l Z (1- O—)iVsziri,j (zi,5) (niI/;())

(i, J)EW Vat (o)
< ( Vi (z) >(n+60)/nz (1 —o—)i < ( Vi (z) )(n+60)/n
~ Vzt (.’170) 7760 ~ ‘/Qt (ZL'()) ’

which implies the claim, and hence completes the proof of Proposition 1.7. [

REMARK 3.1. — By the proof of Theorem 1.6, we need the assumption p >
n/(n+do), while in the proof of Proposition 1.7, we also need &y < log, (1 —0).
Thus, Theorem 1.6 holds for any p € (n/(n+log,(1-0)),o0]. In fact, Theorem
1.6 and Proposition 1.7 hold for all o > 0 and n > 0, if o, n, A > 0 in (3.1)
and H > 0 in (3.5) satisfy the following five inequalities: H < 1/3; Cyn <
H; 9 <1—0 < nb; % — AC3Cy max{n®, (1 + Hn=1)=} > 1; and

H € H é ACgCgO’
<l-0-— .
(1—H> +<1—H> T—g g =170 ACG0

Acknowledgments. — The authors are greatly indebted to the referees for their
very valuable remarks which made this article more readable.
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