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ABsTRACT. — Let (X, 0) be a reduced, equidimensional germ of an analytic singularity
with reduced tangent cone (Cx o,0). We prove that the absence of exceptional cones
is a necessary and sufficient condition for the smooth part X0 of the specialization to
the tangent cone ¢ : X — C to satisfy Whitney’s conditions along the parameter axis
Y. This result is a first step in generalizing to higher dimensions Lé and Teissier’s
result for hypersurfaces of C3 which establishes the Whitney equisingularity of X and
its tangent cone under these conditions.

RESUME (Spécialisation sur le cone tangent et équisingularité a la Whitney)

Soit (X, 0) un germe de singularité analytique complexe, réduit et équidimensionel
tel que son cone tangent (Cx o,0) est réduit. On montre que l’absence des cones
exceptionnels est une condition nécessaire et suffisante pour que la partie lisse X0 de
la spécialisation sur le céne tangent ¢ : X — C satisfasse les conditions de Whitney le
long ’axe des paramétres Y. Ce résultat est un premier pas vers la généralisation aux
dimensions supérieures du résultat de Lé et Teissier pour les hypersurfaces de C3 qui
établit la équisingularité a la Whitney de X et son cone tangent sous ces conditions.
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300 A. GILES FLORES

1. Introduction

The goal of this paper is to take a step in the study of the geometry of the
specialization space ¢ : (X,0) — (C,0) of a germ of reduced and d-dimensional
singularity (X, 0) to its tangent cone Cx o from the point of view of Whitney
equisingularity. The map ¢ describes a flat family of analytic germs with a
section £ 5 C : o, such that for each t € C* the germ (¢~ 1(t),o(t)) is iso-
morphic to (X,0) and the special fiber is isomorphic to the tangent cone. This
construction is essentially due to Gerstenhaber [4] in a more algebraic setting.

One would like to establish conditions on the strata of the canonical Whitney
stratification of a reduced complex analytic germ which ensure the Whitney
equisingularity of the germ and its tangent cone. In this paper we achieve the
“codimension zero” part of this program.

The space (%,0) — (C,0) has been used to study Whitney conditions in
[10], and to study the structure of the set of limits of tangent spaces in [16] and
[15]. In [16], the authors prove the existence of a finite family {V,,} of subcones
of the reduced tangent cone |Cx o| that determines the set of limits of tangent
spaces to X at 0.

To be more specific, we fix an embedding (X,0) C (C"*1,0) and build the
normal/conormal diagram,

€o

EoC(X) -2~ ¢o(X)

EoX X

where EgX C X x P™ is the blowup of X at the origin, C(X) Cc X x P" is
the conormal space of X whose fiber determines the set of limits of tangent
spaces (see section 4), and EqC(X) C X x P* x P" is the blowup in C(X)
of the subspace k~1(0); consider the irreducible decomposition of the reduced
fiber [€71(0)| = |J Dq. The authors prove that the fiber £71(0) is contained in
the incidence variety I C P™ x P" and that each D, establishes a projective
duality of its images V,, C PCx o C P" and W, C k= 1(0) C P,

In particular, the V,’s that are not irreducible components of the tangent
cone are called exceptional cones and they appear in X as an obstruction to the
ay stratification of the morphism ¥ — C. They also prove that if the germ (X, 0)
is a cone itself, then it does not have exceptional cones. So a natural question
arises, if a germ of an analytic singularity (X,0) does not have exceptional
tangents, how close is it to being a cone?
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SPECIALIZATION TO THE TANGENT CONE & WHITNEY EQUISINGULARITY 301

A partial answer to this question was given in [15] in terms of Whitney equi-
singularity. The authors prove that for a surface (S,0) C (C3,0) with reduced
tangent cone Cg o, the absence of exceptional cones is a necessary and sufficient
condition for it to be Whitney equisingular to its tangent cone.

The specialization space (X,0) — (C,0) has a canonical section which picks
the origin in each fiber (see section 2). Let ¥ C X be given by this section and
let X° be the non-singular part X. The main objective of this paper is to prove
that if the germ (X,0) does not have exceptional cones and the tangent cone
is reduced, then the couple (X°,Y) satisfies Whitney’s conditions a) and b) at
the origin.

2. Specialization to the tangent cone.

Let (X,0) be a reduced germ of an analytic singularity of pure dimension
d, with tangent cone Cx . Recall that the projectivized tangent cone can be
defined as the exceptional divisor of the blowup of X in 0, and it is equivalent
to considering the analytic “proj” of the graded algebra

grmOx0: = Ggmi/miJrl
i>0
where m is the maximal ideal of the analytic algebra Ox o associated to the
germ. Moreover, if we consider an embedding (X,0) C (C"*! 0), the an-
alytic algebra Ox is isomorphic to C{zo,...,2,}/I, where I is an ideal,
grmOx o is isomorphic to Clzo,...,2,]/Ingp] where 9 is the maximal ideal
of C{zo,...,2n}, and the ideal IngyI is generated by all the initial forms with
respect to the 9M-adic filtration of elements of 1.

Let us suppose that the generators (fi,..., fp) for I, were chosen in such a
way that their initial forms generate the ideal Ingy/ defining the tangent cone.
Note that the f;’s are convergent power series in C"*!, so if m; denotes the
degree of the initial form of f;, by defining

(1) Fi(Zo,...,Zn,t) = t_mifi(tZO,...,th)

we obtain convergent power series, defining holomorphic functions on a suitable
open subset U of C*"*! x C. Moreover, we can define the analytic algebra

Ox,o = C{Zo,...7zn,t}/ <F1,...,Fp>

with a canonical morphism C{t} — Ox ¢ coming from the inclusion C{t} —
C{zo, ..., 2n,t}. Corresponding to this morphism of analytic algebras, we have
the map germ ¢ : (X,0) — (C,0) induced by the projection of C"*! x C to the
second factor.
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302 A. GILES FLORES

DEFINITION 2.1. — The germ of analytic space over C,
¢ (X,0) = (C,0)
is called the specialization of (X,0) to its tangent cone (Cx 0,0).

There is another way of building this space that will allow us to derive some
interesting properties. Let E(O’O)(C"+2 be the blowup of the origin of C"*2,
where we now have the coordinate system (zo, ..., 2,,t). Let W C E(O’O)(C""r2
be the chart where the invertible ideal defining the exceptional divisor is gen-
erated by t, that is, in this chart the blowup map is given by (2o, ..., 2n,t) —
(tzo, ... t2n,t).

wi—= E(O,O)Cn+2

LEO

Cn+2

LEMMA 2.2. — Let X x C C C"*2 be a small enough representative of the
germ (X x C,0). If (X x C)' denotes the strict transform of (X x C) in the
blowup E(O’O)C”"’z, then the space (X x C)' W together with the map induced
by the restriction of the map E(O,O)(C”Jr2 — C"*t1 x C — C is isomorphic to the
specialization space ¢ : X — C.

Proof. — We know that the strict transform (X x C)’ is isomorphic to the
blowup of X x C at the origin, and we are seeing it as a reduced analytic
subvariety of C"*2 x P"*1, This means that the exceptional divisor (X x C)’' N
({0} x P"*1) is equal to P(Cx,o x C), and so the ideal defining it is generated
by the ideal defining the tangent cone Cx o in C"*!, that is, the ideal of initial
forms Ingn . By hypothesis, W C Eg,0)C""? C C"*2xP"*! is set theoretically
described by

W ={(tzo,...,tzn,t),[20 t -+ : 2 : 1] | (20, - . ., 20, t) € C"T?}

so in local coordinates the map Ej restricted to W is given by (2o, ..., 2n,t) —
(tz0,...,t2zn,t). Finally, since the ideal defining X x C is generated in
C{z0,...,2n,t} by the ideal I = (f1,..., fp) of C{zp,...,2,} defining X in
C"*+1 and since we have chosen the f;’s in such a way that their initial forms
generate the ideal Ingy I, then the ideal defining the strict transform (X x C)’
in W is given by

IOw = (7™ fi(tzo, ..., tzn), .., t " fo(tzo, ..., t2,)) Ow

that is, we find the same functions Fi,..., F, which we used to define ¢ : X —
C. O
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SPECIALIZATION TO THE TANGENT CONE & WHITNEY EQUISINGULARITY 303

PROPOSITION 2.3. — Let ¢ : X — C be a small enough representative of the
germ, then:

1. The morphism ¢ is induced by the restriction of the projection
C"tt x C — C to the closed subspace defined by (Fy,...,F,), and
it is faithfully flat.

2. The special fiber X(0): = ¢~1(0) is isomorphic to the tangent cone Cx .

3. The analytic space X\ ¢~ 1(0) is isomorphic to X x C* as an analytic
space over C*. In particular, for everyt € C*, the germ (¢~ 1(t), {0} x t)
is isomorphic to (X,0).

4. The germ (%,0) is reduced and of pure dimension d + 1.

that is, we have produced a 1-parameter flat family of germs of analytic spaces
specializing (X,0) to (Cx,0).

Proof. — First of all, note that the inclusion C{t} — C{zo,...,2,,t} can be
seen as the stalk map at the origin of the holomorphic map defined by the
linear projection onto the last coordinate C"*t! x C — C. This implies that ¢
is just the restriction to X of this projection.

Now, to prove the (faithful) flatness of ¢ we must prove that Oz g is faithfully
flat as a C{t} module, but by [5, Prop. B.3.3, p. 404| flat implies faithfully flat
for local rings, and by [6, Corollary 7.3.5, p. 390 | Ox ¢ is flat if and only if it is
torsion free. In other words all we have to prove is that ¢ is not a zero divisor
in 01:70.

But by Lemma 2.2, X is isomorphic to an open subset of the blowup of
X x C along the subspace {0} x C, where the ideal of the exceptional divisor is
invertible, generated by t. Thus, by definition of blowup, ¢ is not a zero divisor,
X is of pure dimension d + 1 (the dimension of X x C), and since the blowup
of a reduced space remains reduced then X is reduced.

The biholomorphism of the map induced by the isomorphism

¢ : C"T x C* — C™*! x C*defined by(z,t) — (tz,1)

is also a direct consequence of Lemma 2.2. It maps X\ X(0) onto X x C*, and
for each t # 0 the fiber X(¢) is mapped bilohomorphically onto X x {t}.

X X xC
w\\ /
C

Finally, the fact that the special fiber X(0) is isomorphic to the tangent cone

can be read directly from the analytic functions Fi,..., F), defining X, since
when setting ¢ = 0 we have the initial forms F;(z,0) = f,,, which by hypothesis
generate the ideal defining the tangent cone in C"*1. O
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304 A. GILES FLORES

A more detailed description of this space, relating it to a generalized Rees
algebra and interpreting the space thus obtained as the open set of the blowup
(2.2) of X x C at the origin can be found in [15, p. 428-430] for surfaces, and
[16, p. 556-557], or [10, p. 200-202] in the general case.

REMARK 2.4. — Note that:

1. The map ¢ : X — X x C from Proposition 2.3 is defined everywhere and
maps the entire fiber X(0) to the origin in X x C.

2. If we denote by X(t)° the non-singular part of the fiber, the open dense
subset | J, X(t)° C X is called the relative smooth locus of X with respect to
¢ and it is equal to X° \ Sing X(0).

LEMMA 2.5. — Let X = U’_, X be the irreducible decomposition of X. Then,
the specialization X; of X; is an analytic subspace of X, and the following
diagram commutes.

%, xC——~C"tl x C

C C C
Id Id

In particular, X = Uj_,X; is the irreducible decomposition of X.

Proof. — Note that X is a proper analytic subspace of X for all j > 1, so we
have a strict inclusion of their corresponding ideals in O,41 := C{z0,...,2,},
namely I C J, from which we immediately obtain that Ingyl C IngnJ or
equivalently C’Xj,() C Cx,o.

Now let us take as before, generators for I, say I = (fi1,..., fp), in such a way
that their initial forms generate the ideal defining the tangent cone Ingn I, and
doing the same for J, we get J = (g1, ..., gs) and IngnJ = (ingmg1, ..., iNmgs)-
But the previous inclusions tell us that we can choose as generators for J =
(f1s---» fpr91,---,9s), and still get that their initial forms generate the ideal
IngnJ = (ingn fi, inong;)-

So finally, to build the specialization spaces X and X; as we did before, we de-
fine the convergent series in Oy, 42, F;(2,t) = t~™ f;(tzo, ..., tz,) and Gj(z,t) =
t=™ig;(tzo,...,tz,), that give us the embedding X := V(Fy,..., F,) C C"*! x
C and the embedding X; := V(Fy,...,F,,G1,...,Gs) C C"™! x C. Moreover,
since (Fi,...,Fp) C (F;,G;) then we have a closed embedding X; C X compa-
tible with the projection to the ¢ axis.
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SPECIALIZATION TO THE TANGENT CONE & WHITNEY EQUISINGULARITY 305

And even more, since with respect to this embedding of X in C"*! x C, the
isomorphism ¢ is of the form:

$: %\ 1(0) — X xC*
(205 -+, 2n,t) — (tz0,...,tzn,t)

We also have compatibility with the isomorphism, that is ¢; = ¢|x;.

X\ 1(0) 2~ X x C* O

REMARK 2.6. — 1. For an analytic subspace Y C X we can mimic the
construction of Lemma 2.2 to build the specialization space ¢ : X — C
where we still have that the fiber (X(t), (0,t))i20 is isomorphic to the
germ (X,0), but this time the special fiber (%(0),(0,0)) is isomorphic to
the normal cone (Cx,y,0). The map ¢ is again faithfully flat.

2. If Y C X is a linear subspace defined by the ideal
J = {(z0y-+-2n-s)C{20,--+2n—s,Y1,---,Ys} then we can choose an-
alytic functions f1,..., fp such that they generate the ideal I defining X
in C"*1 and their initial forms f,,, = in;f; generate the ideal of initial
forms injyI. In this case the ideal generated by the analytic functions
Fi(z,y,t) =t7™i fi(t20, ..., tZn—t, Y1, - -, Ys) will be the ideal defining the
space X in C*! x C, where m; is equal to vy f;.

3. The Relative Nash Modification of X

Let us take a representative ¢ : X — C of the germ ¢ : (X,0) — (C,0), and
consider the map:

Yo : Xy — Gr(d,n + 1)
(Z7 t) - T(z,t)X;(t)
where X¢, denotes the relative smooth locus of X with respect to ¢, Gr(d,n+1)
corresponds to the grassmannian of directions of d—planes of the hyperplane
{t =0} c C"*'1xC, and T{.,1) X5 () denotes the tangent space to the fiber X¢,(t)
at the point (z,t). The closure A ,X of the graph of v, in X x Gr(d,n + 1)
is an analytic space of dimension d + 1, which is known as the relative Nash
modification of ¢ : X — C.

A. Nobile proved in [11, Thm 1, p. 299] that the Nash modification is a
blowup. The main ingredient of his proof is the Pliicker embedding of the
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306 A. GILES FLORES

n+1

d
Minor modifications of the proof immediately gives us an analogous result for
the relative case. We will only state it in the case of ¢ : X — C.

grassmannian G(d,n + 1) in the projective space PV, where N =

LEMMA 3.1. — The relative Nash modification v, : N ,X — X is locally a
blowup with center a suitable ideal J, C Ox. Moreover, if (X,0) is a complete
intersection of dimension n+2—p then we may take the ideal J, C Ox to be the
relative Jacobian ideal, genemted by the p X p minors of the relative Jacobian

matriz [D,F] = [gf ]; o . (We are omitting the partial derivatives with

respect to the parameters, whzch in this case correspond to the t-coordinate).

Proof. — Given integers n+1 >r >0, p>n+1—randapx (n+1)
matrix A, let S(resp. S’) denote the set of increasing sequences of n + 1 — r-
positive integers less than p + 1 (resp. n + 2); if & = (o1,...,Qnt1-1) € S,
8= (b1, Pnt1—r) € S, then Myp will denote the minor of A obtained by
considering the rows determined by « and the columns determined by (.

Following the proof of Nobile, let X = U§:1 X; be the irreducible decom-

[@} i=1...p
9zj 1 j=0..n
be the relative Jacobian matrix of the map ¢ : X — C. By construction,

there is an open dense set U C X, such that for every point (zq,tp) in U
the matrix [Dy,F(20,t0)] has rank n + 1 — d. Since X is reduced, each irre-
ducible component X; is reduced and so for each i = 1, ..., k there exists a pair
(af,B") € S x S’ such that the (n+1—d) x (n+1—d) minor Mg of [D,F|
does not vanish identically on X;. For each ¢ = 1,...,k, fix H; € Ox such
that H; = 0 on U#i X;, and H; # 0 on X;. For each 3 € S’ define the function
Gs =Yr, H;M,:5 € Ox,0, and consider the ideal J, C Ox, generated by
the Gig’s.

position of a small enough representative of (X,0). Let [D,F]| =

Note that the analytic subset V' (J,,) of X defined by the ideal J,, contains the
relative singular locus of ¢ : ¥ — C. Moreover, the open set W := X\ V(J,,)
is dense in X. Finally if we build a representative of this blowup using the
functions G, we will have it as an analytic subspace of X x PV, with N =

1 1
nt -1= K 1, and for a point (z,t) € X; N W we have that:
n+1-—d d
k
[Ga(z,t)] = [ Hj(2,t)Maip(2,t)] = [Hi(2,t)Maig(2,1)] = [Maig(z,t)] € PV
j=1
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which corresponds to the coordinates of the tangent space T\, ) X (t) for the
Pliicker embedding of the grassmannian G(d,n + 1), in the projective space
P, O

This lemma allows us to establish the following relation between the Nash
modification of X and the relative Nash modification of X.

PROPOSITION 3.2. — There exists a natural surjective morphism I' : /", X —
N X, making the following diagram commute:
N,E—= WX
x X

Proof. — Algebraically, this results from the universal property of the blowup
v:NX — X. We start with the diagram:

N % NX
X X
where the map ¢ is defined by (2o, ..., zn,t) — (t20,...,t2,), and so it induces

a morphism of analytic algebras ¢* : Ox ¢ — Ox o defined by z; — tz;.

Recall that the ideal of the germ (X, 0) is generated by the series F;(z,t) =
t=™mi fi(tz) € C{zo,...,%n,t}, i = 1,...,p, where the series f; € C{zp,...,2,}
are such that they generate the ideal of (X,0) in (C"*!,0) and their initial
forms generate the ideal of (Cx o, 0).

By [11, Thm 1, p. 299] there exists an ideal JOx o whose blowup is isomor-
phic to the Nash modification of X. We have to prove that the ideal ¢*(J)Ox 0
is locally invertible when pulled back to A ,X.

Let X = U?:l X; be the irreducible decomposition of a small enough rep-
resentative of (X,0). Then the irreducible decomposition of a small enough
representative of the germ (X,0) is of the form Ule X;, where for each j the
space X; is isomorphic to the specialization space of the X; component to its
tangent cone Cx, 0. Now, by [I1, Thm 1, p. 299] the ideal J C Ox, can be
constructed in the following way (see the proof of 3.1 for more details and no-
tation): For each i = 1,...,k there exists a pair (a?, 3%) € S x S’ such that the
(n+1—d) x (n+1—d) minor pig: of the Jacobian matrix [D f] does not van-
ish identically on X;. Then for each ¢ = 1,...,k, choose a function h; € Ox
such that h; = 0 on U#i X, and h; # 0 on X;. By taking powers of the h;’s
if necessary we can assume they are all of the same order . Finally for each

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



308 A. GILES FLORES

B € S’ define the function gg = Ele hipaig € Ox o, and define J as the ideal
generated by the gg’s.
Consider an (n+1—d) x (n+ 1 —d) minor p,g of the Jacobian matrix [D f]

Lfﬂl (Z) e 76]“0‘1

8231 8z5n+1_d (Z)

Ha,p = : :
afo‘n#»lfd (2) .. 8fo‘n{»lfd Z)

3251 32@n+17d

Then, from the equalities ng*(af’ (2)) = 8fl (tz) and af’ (tz) tmi’lg—i(z,t),
we have that the minor g is mapped under ¢* to:

o _18Fa o —1 OF,,
e (z t) cee e m(Z,t)

¢’* (Ua,ﬁ’) =

OF. OF:
Me 19 a, 1 4 Mo 19 anq1-4
+1—d —“ndl-d(, ce +1—d — ndl-d(,
t " 8231 ( ’t) t " 82671«#1741( 7t)

OF, OFq
azﬁll (Z»t) T aanJrLd (th)

— T T e~ (nt1-d)
OF OF

#j‘d(z,t) ﬁ(z,t)

(Zn+1 d mai)_(”+l_d)Maﬂ

where Mg is the (n+1—d) X (n+1—d) minor of the relative Jacobian matrix
[D,F].

If we define H; € Ox, by H;(z,t) = t~7h;(tz), then each H; satisfies that
H,=0o0n Uj# X;, and H; # 0 on X; and so for each § € S’ we have that

Z()b .uoﬂ,B) = t(ﬂhL(

k

n+1 dmai)*(nJrl—d)) Z HiMaiﬁ _ tTGg
i=1
and so
(b*(J)Ox’o = <tr> JLPOx,O

where by the proof of 3.1 J,Ox is an ideal whose blowup is isomorphic to
the relative Nash modification A" ,X. But by definition of the blowup, the
ideal J,Ox is locally invertible when pulled back to A", X. It follows that
after multiplication by the invertible ideal (¢") in Ox g, it will remain locally
invertible when pulled back to A", X.

Finally, note that for the diagram to be commutative, the morphism I" must
map the point (2,t, 7, X, (t)) € N X to the point (tz,T(;,)X°) € N/ X. That
is the tangent space 7|, ;) X¢,(t) to the fiber X(¢) is canonically identified with
the tangent space T(;;)X° to X at the corresponding points. As it should be
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SPECIALIZATION TO THE TANGENT CONE & WHITNEY EQUISINGULARITY 309

since we know that the restriction of the map ¢ to any fiber (X(¢), (0,t)) for
t # 0 is an isomorphism with (X, 0). O

4. The conormal space and relative conormal space of X.

Let X C C"*2 be a representative of the germ (X,0). Recall that the pro-
jectivized conormal space of X in C"*2 is an analytic space C(X) C ¥ x P+,
together with a proper analytic map xx : C(X) — X, where the fiber over a
smooth point p € X is the set of tangent hyperplanes, that is the hyperplanes
H containing the direction of the tangent space T,X. The space C(X), depends
on the embedding, however the fiber x3'(p) allows us to recover the fiber of
the Nash modification, which is independent of the embedding. Up to now we
have:

NECEXGd+1,n+2) CcXxxPV

But we know that the grassmannian G(d 4+ 1,n + 2) is isomorphic to the
grassmannian G(n + 1 — d,n + 2) and the isomorphism is given by sending
a d + 1—plane T to the n + 1 — d—plane L of linear functionals in C**2 that
vanish on 7. With this isomorphism, we have:

NECEXGn+1—dn+2)cExPV

Let 2 C G(n+1—d,n+ 2) x P"! denote the tautological bundle, that is
E={(L,[a]) | L€ G(n+1—d,n+2), [a] € PL C P"*'}, and consider the
intersection

E:={XxE} N X x P }—= X x G(n+1—d,n+2)x Pt
T
P1
NE }:XEWH_I

with the vertical morphism p, being the morphism induced by the projection
onto X x P!, We then have the following result.

PROPOSITION 4.1. — Let py : E — X x P"1 be as before. The set theoretical

image p2(E) of the morphism py coincides with the conormal space of X in
Cn+2

C(X) c xxpt!

Moreover, the morphism p; : E — N'X is a locally trivial fiber bundle over
v~ (X% C WX with fiber P74,
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Proof. — By definition, the conormal space of ¥ in C"*2 is an analytic space
C(%¥) € X x P!, together with a proper analytic map « : C(¥X) — X,
where the fiber over a smooth point € X0 is the set of tangent hyperplanes,
that is the hyperplanes H containing the direction of the tangent space T, X.
That is, if we define E® = {(z,T,[a]) € E|z € X°}, then by construction
E° = p; ' (v=1(X9)), and po(E®) = C(X°). Since the morphism ps is proper, in
particular it is closed which finishes the proof. O

In the same way we can construct the relative conormal space C,(%X) as a
subvariety of X x P” where P" stands for the dual projective space of directions
of hyperplanes of the hyperplane {t = 0} c C"*! x C .

PROPOSITION 4.2. — LetY C X be a smooth analytic subvariety of dimension
0<s<d,letp:X — C denote the specialization space of X to its normal cone
along Y, and let ¢ : X — X x C denote the canonical map obtained from the
construction in Lemma 2.2. Then there exist isomorphisms ¢ : C(%\ X(0)) —
C(X)xC*; P: C(X\X(0)) — C,(X\X(0)); and 9, : C,(X\X(0)) — C(X)xC*
making the following diagram commutative:

C(x\ %(0)) — = (X)) x C* "~ O(X)

E o |

Co(%\ %(0) 2~ 0(X) x C* - O(X)

J/Kap kx XId LHX

X\ %(0) 5 X xC* X
\
((:*
Proof. — We are working with a small enough representative of the germ

(X,0) C (C™*1,0) embedded in such a way that Y C X is linear, this im-
plies that we will have:

1. C(X) cCcrtt x p»
.XccCrtl xC.
. C(¥) cCrtt x C x P!
Cyp(X) C CH x C x P
We will actually work with the non-projectivized versions of the conormal
spaces, that is with the spaces T% (C"*1), T3 (C"*! x C) and T5((C" ™! x C)/C)
respectively. Moreover, we will fix a coordinate system
(205 -+ s Zness YLy - -+ > Yss b, A0y« -+, Ay €1y - - -, s, b) of CPHL x C x C**1 x C.

W N
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By construction, the map ¢ : ¥ — X x C is an isomorphism when restricted
to X\ X(0) and has X x C* as its image. Actually, this alone implies that both
the conormal space C'(X\ X(0)) and the relative conormal space Cy, (X \ X(0))
are isomorphic to C'(X) x C*. However to verify that we have the commutative
diagram we will specify these isomorphisms. Recall that the series

F’i = t_mifi(tzﬂa oo atzn—say].)" . ays)v i= 1a Y4
define the specialization space X in C**! x C, where m; = vy f;.
Let z = (2,y,t), t # 0, be a smooth point of X, then it is a smooth point

of X(t), and ¢(z) = (tz,y,t) is a smooth point of X x C*; consequently (tz,y)
is a smooth point of X. Now, for any point (z,a,c,b) in Iﬂ?;l(.’t) we have that

there exist constants Aq,..., A, such that:
(2)

d aF of;
aj:Z)\ia Z)\t_MH f( tz,y)

i=1 J J
(3)

8F —m, OFfi

cjzz )—ZAt i f(tzy)
(4)

Y. OF £ i1 e Of;

b—;&- o (x)—;& (—ma)t™ ™ fi(tz,y) + sza G

(5)

_ (S, Of | _
= Z by (t (z_: 2k 1 (tz,y))) , because f;(tz,y) =0on X x C.

Analogously, for any point (z,a,c) in H;l(a}), there exist constants Ay,...,\p
such that, the coordinates a; and c; are given by the corresponding equations 2
and 3. This implies that the natural projection P : (z,y,t,a,c¢,b) — (z,y,t,a,c)
induces a surjective morphism to C, (X \ X(0)) when restricted to C(X\ X(0)).
But, from 5 we can see that tb = Y} zkax, so as long as t # 0 the b coordinate
is completely determined by the a and z coordinates which proves that the
aforementioned map P is an isomorphism.

On the other hand, for the corresponding point ' = (tz,y) of X, we have
that for any point (2/,a,c) in K,;(l(ib'/) there exists constants aq,...,a, such
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that:

p
_ ofi
a/j - ; (073 aZj (tZ, y)

p
0f;

cj = E aiay-(tz’y)
i=1 J

This implies that if ¢ # 0, the automorphism T : C**1 x C x C"*! (9 of the
ambient space defined by:

(zay7t7a’a C) g (tZ(), <. 'atzn—sayh vee 7y8at7a07 X 'aan—svtclv s 7tcs)
induces a surjective map 9, : C,(X \ X(0)) — C(X) x C* simply by setting
Xi = t™la;. Moreover, since the map T is biholomorphic in the open dense
set t # 0, the map v, is an isomorphism. O]

REMARK 4.3. — In regard to the previous diagrams, note that:

1. The map ¢ is defined on all of X, and the image of the special fiber X(0) is
just the origin in X X C. Note as well, that for a fixed t # 0, the morphism
prio¢|: X(t) — X is an isomorphism.

2. The obstruction to the extension of ¥ to C(X) comes from the map
P+l — P which is undefined at the point [0 : --- : 0 : 1]. This means
that for any point ((z,t),[a : b]) in C(X) N (X x {P**+1\ [0:1]}), the hy-
perplane [a] € P is tangent to X at the point tz = (tzg,...,tz,). In
particular, for t = 0 the hyperplane [a] is tangent to X at the origin.

5. The Normal/Conormal diagram.

Let (Y,0) C (X,0) be a germ of a nonsingular analytic subvariety of dimen-
sion s < d as before. The Whitney conditions of the pair (X° Y) at 0 can be
expressed in terms of the normal/conormal diagram of the pair (X,Y,0). We
will choose an embedding (X,0) C (C™*1,0) such that the germ (Y,0) is linear
with coordinate system (zg,...,2n—s,Y1,---,Ys)-

BEyC(X) 2= 0(X)

EvX X

ey
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We will denote by r : (X,0) — (Y, 0) the retraction induced by the projec-
tion onto the y coordinates.

PROPOSITION 5.1. — Let D denote the reduced divisor |(~1(Y)| C EyC(X),
then:
1. The pair (X°,Y) satisfies Whitney’s condition a) at every pointy € Y if
and only if we have the set theoretical equality |C(X)NC(Y)| = k% (V).
2. The pair (X°,Y) satisfies Whitney’s condition a) at every pointy € Y if
and only if D is contained in Y x P"~% x P"=5 where for every y € Y,
P denotes the space of hyperplanes containing T,Y . In particular, they
satisfy Whitney’s condition a) at 0 if and only if (71(0) C {0} x P"~¢ x
Pr—s.
3. The pair (X°,Y) satisfies Whitney’s condition b) at y € Y if and only if
[¢=(y)| is contained in the incidence variety I C {y} x P"~° x P*—s,

Proof. — Whitney conditions are defined in terms of limit of tangent spaces.
However, once we have fixed an embedding (X,0) C (C"*!,0), since a hyper-
plane H is a limit of tangent hyperplanes if and only if it contains a limit of
tangent spaces we can restate Whitney conditions:

) The pair (X°,Y), satisfies Whitney condition a) at 0 if for any sequence
of non-singular points {z;};eny C X° tending to 0, and any sequence
{H;}ien where H; is a tangent hyperplane to X at the point z; we have
the inclusion

ToY C lim H,

11— 00
o) The pair (X°,Y) satisfies Whitney condition b) at y € Y if for any
sequence of non-singular points {z;};eny C X° tending to y, and any
sequence {H;}_n where H; is a tangent hyperplane to X at the point z;
we have the inclusion
lim [x;r(z;)] C lim H;
11— 00 11— 00
With this in mind 1) is now only an observation. Note that we always have
the inclusion |C(X) N C(Y)| C |k~ 1(Y)|. On the other hand, the inclusion
|k~1(Y)| € |C(Y)| means that for every y € Y every limit of tangent hyper-
planes to X at y, H € m}l (y), is also a tangent hyperplane to Y at y, that is
T,Y C H.
For 2), with the coordinate system we have fixed we have the blowup Ey X as
a subspace of X x P"~* and the conormal space C(Y) equal to Y x P"—% where
P"—* corresponds to the projective dual of PY, that is the algebraic set defined
by ¢; = -+- = ¢; = 0. Then, from 1) satisfying condition a) is equivalent to the
inclusion k3" (Y)| C Y x P"~* which by construction of the normal conormal
diagram is equivalent to the inclusion |(~1(Y)| C Y x PP~s x Pr—s,
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To prove 3), with the coordinate system we have fixed, we have the natural
retraction r : C"*! — Y sending (z,y) — y which at the same time is used
to build the underlying set of the blogvup of X along Y, FyX. So, from the
construction of EyC(X) as a subspace of the fiber product, we have to take
the closure of the set of points of this space of the form (z,y, 1, H) where (z,y)
is a point in X%\ Y, [ € P"¢ is the line defined by [(z,y) — r(z,y)] and H
is a tangent hyperplane to X at the point (z,y). Then, a {)Oint in the divisor
D = (YY) is a point (0,y,l, H), where (0,y) is a point in Y, and [ and H
are a line and a hyperplane obtained in the way described in the definition of
condition b) above. Finally the inclusion ! C H is just what it means that the
pair (I, H) is in the incidence variety I C {y} x P"~* x P"~*, which finishes the
proof. O

6. Whitney’s conditions.

Let (X,0) C (C"*1,0) be a reduced germ of an analytic singularity of pure
dimension d, and let ¢ : (X,0) — (C,0) denote the specialization of X to its
tangent cone Cx . Let X° denote the open set of smooth points of X, and let Y’
denote the smooth subspace 0 x C C X. Our aim is to study the equisingularity
of X along Y, that is, we want to determine whether it is possible to find a
Whitney stratification of X in which the t-axis Y is a stratum.

The first step to find out if such a stratification is possible, is to verify that
the pair (X°,Y) satisfies Whitney’s conditions. Since X \ X(0) is isomorphic to
the product X x C*, Whitney’s conditions are automatically verified everywhere
in {0} x C , with the possible exception of the origin. The following result tells
us that in this particular case it is enough to check for Whitney’s condition a).

PROPOSITION 6.1. — If the pair (X°,Y) satisfies Whitney’s condition a) at
the origin, then it also satisfies Whitney’s condition b) at the origin.

Before proving Proposition 6.1, we need the following lemma.

LEMMA 6.2. — There exists a natural morphism w : EyX — EgX, making
the following diagram commute:

EyvX 2~ EyX
X X

Moreover, when restricted to the exceptional divisor e{,l(Y) = PCx y it induces
the natural map PCxy =Y x PCx 9 — PCx .
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Proof. — Algebraically, this results from the universal property of the blowup
EyX. We start with the diagram:

EvX EoX
x X
¢

In this coordinate system, the maximal ideal m of the analytic algebra Ox o
is generated by (zo,...,2n). The map ¢, induces a morphism of analytic al-
gebras Ox o — Ox, defined by z; — tz;. So we have to prove that the ideal
(tzo,...,tzn) C Ox is locally invertible when pulled back to EyX. But as
ideals we have the equality (tzo,...,tz,) = (t) « (z0,...2n). And by definition
of the blowup, the ideal (z,...,2,) C Ox corresponding to Y is locally in-
vertible when pulled back to FyX. After multiplication by a invertible ideal,
it will remain locally invertible. Note that, for the diagram to be commutative
the morphism w must map the point (z,t),[2] € Ey X\ {Y xP"} C X x P" to
the point (tz),[z] € ExX C X x P™ and the result follows. O

REMARK 6.3. — Note that:

1. For any point y € Y, the tangent cone Cx 4 is isomorphic to Cx o X Y,
and the isomorphism is uniquely determined once we have chosen a set
of coordinates. The reason is that for any f(z) vanishing on (X,0), the
function F(z,t) = t™™f(tz) = fm + tfme1 + t2fmee + ..., vanishes in
(%X,0) and so for any point y = (0,tg) the initial form of F(z,t + to) in
C{zo0,...,2n,t} is equal to the initial form of f at 0. That is ing ;) F =
ingf.

2. The projectivized normal cone PCx y is isomorphic to Y x PCx . This
can be seen from the equations used to define X (Chapter 1, eq. 1), where
the initial form of F; with respect to Y, is equal to the initial form of f;
at the origin. That is iny F; = ing f;.

Now we can proceed to the proof of 6.1.

Proof. — ( Proposition 6.1)

We want to prove that the pair (X°,Y") satisfies Whitney’s condition b) at the
origin. We are assuming that it already satisfies condition a), so in particular
we have that ¢~1(0) is contained in {0} x P™ x P". By Proposition 5.1 it suffices
to prove that any point (0,1, H) € (~%(0) is contained in the incidence variety
I C {0} x P" x P". Consider the diagram:
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EyC(X) C(%) C(X) x C
, ¢
Ky Rx
ByX ————X
EoX

By construction, there is a sequence (2, tm,, Im, Hm) in By C(X) — C(X)xx
Ey X tending to (0,1, H) where (zm,tm) is not in Y. Through &/, we obtain
a sequence (Zm,tm,ln) in Ey X tending to (0,1), and through éy a sequence
(Zm, tm, Hy) tending to (0, H) in C(X).

Now, using the notation of Proposition 4.2, through the map 1 we obtain the
sequence (tmZm, ﬁm) and since by hypothesis we have b = 0, then by Remark
4.3-2 both the sequence and its limit (0, ﬁ) are in C'(X). Note that if H has
coordinates [ag : -+ - : @y : 0], then H= [ag : - : a,] € P*. On the other hand,
by Lemma 6.2 we have that both the sequence (t,,2m, ) obtained through
the map w and its limit (0,!) are in FpX. Finally, Whitney’s lemma ([17, Thm.
22.1, p. 547] or [14, Thm. 1.1.1]) tells us that in this situation we have that
I C H and so the point (0,1, H) is in the incidence variety.

If the sequence (2, tm, lm, Hm) in Ey C(X) is contained in the special fiber,
that is t,, = 0 for all m, then either the point (z,,,0) is a smooth point of X
and so the line ,,, = [z, : 0] is contained in every tangent hyperplane H,,, or
it is a singular point of X and by constructing a sequence of smooth points in
X\ X(0) tending to it and using the maps ¢ and w as we did before we prove
that the line [,,, is contained in H,,. In any case, what we have is that for any
point in the sequence (2,0, l,, H,,) we already have the inclusion I, C H,,
and so the limit (0,1, H) satisfies this condition as well. O

The following result tells us that in order to have Y be a stratum in a
Whitney stratification of X, the condition of (X,0) not having exceptional
cones is necessary.

LEMMA 6.4. — Let (X,0) C (C™*1,0) be a reduced germ of an analytic singu-
larity of pure dimension d, and let ¢ : (X,0) — (C,0) denote the specialization
of X to its tangent cone Cx . Let X° denote the open set of smooth points of
X, and let Y denote the smooth subspace 0 x C C X. If the tangent cone Cx o
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is reduced and the pair (X°,Y) satisfies Whitney’s condition a) then the germ
(X,0) does not have exceptional cones.

Proof. — First of all, by hypothesis the pair (X% Y) satisfies Whitney’s con-
dition a), so by Proposition 6.1 it also satisfies Whitney’s condition b). Recall
that the aureole of (X,0) along Y is a collection {V,} of subcones of the nor-
mal cone Cx y whose projective duals determine the set of limits of tangent
hyperplanes to X at the points of Y in the case that the pair (X°Y) satis-
fies Whitney conditions a) and b) at every point of Y (See [16, Thm. 2.1.1,
Coro 2.1.2 p. 559-561] ). Among the V,, there are the irreducible components
of |Cx y|. Moreover:

1. By Remark 6.3 we have that Cxy =Y x Cx so its irreducible com-
ponents are of the form Y x Vg where i7ﬁ is an irreducible component of
|CX7()|.

2. For each a the projection V, — Y is surjective and all the fibers are of
the same dimension. (See [16][Proposition 2.2.4.2, p. 570])

3. The hyperplane H = [0: 0 : --- : 1] € P**! is transversal to (X,0) by
hypothesis, and so by [16, Thm. 2.3.2, p. 572| the collection {V, N H} is
the aureole of X N H along Y N H.

Notice that (X N H,Y N H) is equal to (%X(0),0), which is isomorphic to
the tangent cone (Cx,o,0) and therefore does not have exceptional cones. This
means that for each « either V,, N H is an irreducible component of Cx o or it
is empty. But the intersection can’t be empty because the projections V, - Y
are surjective. Finally since all the fibers of the projection are of the same
dimension then the V,’s are only the irreducible components of Cx y. But this
means, that if we define the affine hyperplane H; as the hyperplane with the
same direction as H and passing through the point y = (0,¢) € Y for ¢ small
enough; H; is transversal to (X,y) and so we have again that the collection
{Va N H,} is the aureole of X N H; along Y N Hy, that is the aureole of (X, 0),
so it does not have exceptional cones. O

We can now use Lemma 6.4 to prove that the Whitney conditions of the
pair (X°Y) imply that the germ (X,0) does not have exceptional cones.

PROPOSITION 6.5. — Let (X,0) C (C"™1,0) be a reduced germ of an analytic
singularity of pure dimension d, and let ¢ : (X,0) — (C,0) denote the special-
ization of X to its tangent cone Cx . Let X° denote the open set of smooth
points of X, and let Y denote the smooth subspace 0 x C C X.

1. If the germ (X,0) does not have exceptional cones, then the pair (X°,Y)
satisfies Whitney’s condition a) at the origin.
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2. Moreover, if the tangent cone Cx ¢ is reduced and the pair (X°,Y) satisfies
Whitney’s condition a) at the origin then (X,0) does not have exceptional
cones.

Proof. — Let us choose a representative of (X,0) in (C™*1,0), then (X,0) C
(C™+2)0). Let C(X) € C™*2 x P**! denote the conormal space of X, and let
us consider the following diagram:

C(x) oY)
l/lﬁx J/h
XY

By Proposition 5.1, Whitney’s condition a) at the origin is equivalent to the
set theoretic inclusion
-1 -1
k% (0) € [h72(0)]

Let ((20,---,%n,t),[@0 : @1 : ... : @y, : b)) be the coordinates of C**2 x P**! as
before. Now, since Y is the ¢ axis, the conormal space C(Y') is defined by the
equations 29 = -+ = z, = b = 0, and for h~1(0) we just add the equation
t=0.

1) By hypothesis (X,0) does not have exceptional cones, which means that
k%' (0)] is just the dual of the tangent cone Cx o = Cx,0 x C. In particular,
every tangent hyperplane to Cx contains the ¢ axis, that is b = 0, so is
contained in h~1(0), and we have Whitney’s condition a).

2) By Lemma 6.4 we know that (X,0) does not have exceptional cones.
Since every point in K;I(O), that is every tangent hyperplane to X at the
origin satisfies b = 0, the Remark 4.3-2 tells us that the morphism (prq o ¢) :
C(X\ X(0)) — C(X) of Proposition 4.2, sending (z,t),[a : b] — (¢2),[a] can
be extended to C(X). In particular the point, (0),[a] is in k% (0) C C(X),
and since (X, 0) does not have exceptional cones, then [a] is in the dual of the
tangent cone Cx o, which implies that /@1(0) is just the dual of the tangent
cone Cyx o, and (X, 0) does not have exceptional cones. O]

We will study Whitney’s condition a) by deriving a characterization spe-
cific to our situation from the characterization given first by Teissier in [13] in
the case of isolated hypersurface singularities and subsequently generalized by
Gaffney in [2] in terms of integral dependence of modules.

7. Limits of tangents spaces and integral closure of modules

There are several equivalent definitions of integral closure for modules. In
our case, it is simpler to work with the following definition, as stated in [3,
Section 3, p. 555].
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DEFINITION 7.1. — Let O% be a free module of rank p > 1. Let M be a coher-
ent submodule of O% and h € O%. Given a map of germs ¢ : (C,0) — (%X,0),
denote by h o ¢ the induced section of OY, and by M o ¢ the induced submod-
ule. Call h integrally dependent (resp. strictly dependent) on M at 0 if, for
every ¢, the section ho ¢ € OF belongs to the submodule M o ¢ of OF (resp. to
the submodule my(M o ¢)), where my is the mazimal ideal of Oy = C{7}. The
submodule of O% generated by all such h will be denoted by M, respectively by
Mt

Moreover, we say that a submodule N C M is a reduction of M if N = M.

If the germ (X, 0) is not irreducible, for every irreducible component X; of X
the module M induces a submodule My, of Ofei via the morphism of analytic
algebras Ox,0 — Ogx,,0, and the same goes for a section h of O’;E. A simple
calculation then shows:

LEMMA 7.2. — Let (%X,0) = J;_1(%:,0) be the irreducible decomposition of
the germ. The section h is integrally dependent (respectively strictly dependent)
on M at 0 if and only if for every irreducible component X; the induced section
h; is integrally dependent (respectively strictly dependent) on Mx, at 0.

We will state the main results we will be using. Let M be a coherent sub-
module of O% as before, and let [M] be a matrix of generators of M for a small
enough neighborhood of the origin in (%,0), that is the matrix describing the
morphism p of:

0% 15 0% — 0% /M — 0
Let Ji (M) denote the ideal of Ox generated by the k x k minors of [M]. This
is the same as the (p — k)-th Fitting ideal of O% /M and so is independent of
the choice of generators of M. If h € O%, let (h, M) denote the submodule of
O% generated by h and M.

PROPOSITION 7.3. — [1, Prop 1.7, p. 304],and [2, Prop 1.5, p. 57]

Suppose M is a submodule of O%, h € O% and the rank of (h, M) is k on each
irreducible component of (X,0). Then h is integrally dependent (resp. strictly
dependent) on M at 0 if and only if each minor in Jy(h, M) which depends on
h is integrally dependent (resp. strictly dependent) on Ji(M).

LEMMA 7.4. — [3, Lemma 3.3, p. 557] For a section h of O% to be integrally
dependent, respectively strictly dependent, on M at 0, it is necessary that for
all maps:

) = (%,0)
) = (Hom(C”,C),A), A#0

o O
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the function ¢ (ho¢) on C belongs to the ideal I,(M o ¢) generated by applying
¥ (T) to the generators of M o ¢, respectively to the ideal miIy,(M o ).

Conversely it is sufficient that this condition is satisfied for every
¢ : (C,C\ {0},0) — (%,X\ W,0), where (W,0) C (%,0) is a proper an-
alytic subset of X.

COROLLARY 7.5. — ([1, Proposition 1.11, p. 306]) The section h is integrally
dependent on M at 0 if and only if for each choice of generators {m;} of M
there exists a neighborhood U of 0 in X, and a real constant C, such that for
every section W : ¥ — X x PP~1 of the trivial bundle ¥ x PP~1 and every point
z € U we have:

[¥(2) - h(=)| < Csup [ ¥(2) - my(2)

The previous results direct us to work with the space X x CP, or even with
the space X x PP~! since we ask that the image of ¥ does not contain the
point 0 in CP. These spaces can be seen respectively as the analytic spectrum
(analytic proj) of the symmetric algebra of O%, that is Ox[u1,...,up]. The
section h € O% and the submodule M C O% generate ideals in Ox[u1, ..., u,)
which we will denote by p(h) and p(M).

REMARK 7.6. — Recall that the embedding of O% in Ox[u1, ..., up] is in degree
1, and is given by
hy
ha
h= ) — p(h) = urhy + - - + uphy
hyp

We will consider the normalized blowup of X x PP~! along the subspace Z
defined by the ideal p(M)Ox[us,...,up] which we will denote by

7By (X xPr-1) - X x PPl o %
Its exceptional divisor will be denoted by F'

PROPOSITION 7.7. — [3, Prop. 3.5, p. 558] Let h € O%, and let Y be a closed
analytic subset of the image of F' in X. Then:

1. h is integrally dependent on M at 0 if and only if along each irreducible
component of F', the ideal p(h) o m vanishes to order at least the order of
vanishing of p(M) o 7.

2. h is strictly dependent on M at every y € Y if and only if along each
component V of F, the ideal p(h) o lies in the product I(Y,V)p(M)om,
where I(Y, V) denotes the ideal of the reduced preimage of Y in V.
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From this point on we will assume that the germ (X, 0) is irreducible.

Let (F1,...,F,)C{z0,. .., 2n,t} be the ideal defining the germ (%, 0) as be-
fore. In other words, (X,0) = (F~1(0),0) where F = (Fi,...,F,) : (C"*! x
C,0) — (CP,0). Let ¢ denote the codimension of X in C"*! x C, and let S
denote the set of increasing sequences of ¢ positive integers less than p + 1.
For a € S denote by [DF], the ¢ X (n + 2) submatrix of [DF] formed by
the (o, ..., ac) rows of [DF]. That is the Jacobian matrix, of the map F, :=
(Foyy-- - Fo,): C"T x C — Ce.

DEFINITION 7.8. — For a € S, define the a-Jacobian module of F' as the sub-
module JM (F)q of O% generated by the columns of the matriz [DF),, that
18:

OF,, OFa, OF.,
dzg Ozn ot

JM(F), = Ox + -+ 0% + O% C 0%
OF,. OF., OF,,
0z¢ Ozn ot

Let v be a vector in C*+! x C, then by a{;} = we mean the directional derivative
of F, with respect to v. That is:

OF,,
ov
oOF,

In particular %52 is a linear combination of the columns of F, and so it belongs
to the a-Jacobian module JM (F'),.

:=[DF], (v)

DEFINITION 7.9. — Given an analytic map germ g : (C"*! x C,0) — (C!,0),
and o € S, let JMy(F), denote the submodule of JM(F), generated by the
“partials” 852‘* for all vector fields v on C"*1 x C tangent to the fibers of g,
that is, for all v that map to the 0—field on C'. Call JM,(F), the a— Relative

Jacobian Module with respect to g.

Note that if H is a hyperplane in C**! x C defined by the kernel of the
linear map h : C"*! x C — C, then JM},(F), is the submodule of JM (F),

generated by the partials % for all vectors v € H.

REMARK 7.10. — 1. For every non-singular point (z,t) € X°, the matriz
[DF(z,t)] has rank ¢ := n+1—d, and so there exists an o € S such that
at least one of the mazimal minors (c X ¢) of the matriz [DF), is not
identically zero in Ox .

2. For every point (z,t) in the relative smooth locus X0, := (JX(t)°, the
i=1...
matriz [D,F(z,t)] = [gf;]j:u”:
exists ay € S such that at least one of the mazimal minors (c x c) of the
matriz [DyF),, is not identically zero in Ox g.

has rank ¢ := n+ 1 —d, and so there

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



322 A. GILES FLORES

The a—relative Jacobian module, for an appropriately chosen «, can be used
to study the limits of tangent hyperplanes.

PROPOSITION 7.11. — Let o € S be as in Remark 7.10-1, and let Ez(X %
PC_I) C X x Pl x Pt be the blowup of X x P~1 along the subspace Z de-
fined by the ideal p(JM (F)o)Ox[u1, ..., u.]. Then, there exists a surjective map
n:Ez(X x Pe~') = C(%), making the following diagram commutative:

Proof. — Let a € S be as in Remark 7.10. Since X is irreducible, there exists
an open dense set X0 C X9 where for any point (2,t) € X% the tangent
space T(,X is the kernel of the matrix [DF],, that is, it is obtained as the
intersection of the ¢ := n 4+ 1 — d hyperplanes [dTa;(z,t)] Moreover, since ¢
is the codimension of X, any linear equation defining the tangent hyperplane
H =a:b] to X at (z,t) is expressed as a unique linear combination of these
> ﬂjm(z,t)], that is, they form a base of the fiber
in the conormal space C(X). So for any point (z,t,u) €
X% we have the map

¢ hyperplanes H
Ky (2,t) over (z,t
X x C¢ with (z,t)

m ~—

(z,t,u) € X x C® — (2,1), lz uidFai(z,t)‘| € C(X) c xxpPf!

i=1

Note that this map is invariant with respect to the homotheties of C¢, so it
defines a map ¥ x P¢~! — X x Pnti,

On the other hand, from Definition 7.8 and Remark 7.6, we get that the
ideal p(JM(F),) has the following system of homogeneous generators:

p(JM(F)a)
_ < OF,, R OF,, 0F,, P 6Fac> Ox] ]
= \Uu1 azo Ue azo geeeyUp ot Ue ot x|Uly-. -5 Ue

and so a point (2,t,[u]) € X x P°~! is in Z if and only if
N — —
u1dFy, (2,8) + - + u.dF,, (2,t) = 0
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that is, Z is the set of points where the previously stated map

(z,t,[u]) € X x P! — (2,1), [Z w;dF,, (z,t)] € C(%) c X xprtt
i=1
is not defined. Thus, by blowing up the space Z in this set of coordinates, we
obtain the space Ez (X x P¢~1) c X x P°~! x P**! upon which the morphism

n:Ez(X x P = C(%)

is defined by the restriction to Ez(X x P¢~1) of the projection X x P¢~1 x
Prtl — % x P!, Moreover, since for any point (z,t) € X% and tangent
hyperplane H € k3'(z,t) there exists a unique [u] € P~! such that the point
(2,t,[u]) ¢ Z and the point (z,t, [u], H) € Ez(% x P°1), then the morphism 7
is surjective. O

The proof of this proposition has the following result as an immediate coro-
llary.

COROLLARY 7.12. — For each appropriately chosen o € S, the restriction of
n to e, (X2) is an isomorphism. In other words, the analytic spaces X9 x P°~1
and k%' (X2) are isomorphic.

REMARK 7.13. — In the same spirit of the proof of the previous proposition,
we can see that by choosing a v € S as in Remark 7.10-2, the irreducibility of X
together with the constructive proof of 3.1 implies that the blowup of the ideal
Jo(JMy(F'),) generated by the mazximal minors of [D,F|, gives the relative
Nash modification ", X.

The link between limits of tangent hyperplanes and the integral closure is
further explained in the following results.

LEMMA 7.14. — (]2, Lemma 2.1, p. 58]) Let (X,0) C (C"*1 x C,0) be defined
by F~1(0) as before, let a € S be as in Remark 7.10-1, and let X% be the open
dense set of smooth points of X where the kernel of the matriz [DF, defines
the tangent space T, X. Then a hyperplane H = [ag : -+ : an : b] € P+l s a
limit of tangent hyperplanes to (%,0) if and only if there exists a pair of maps
¢ : (C,C\0,0) = (X,%2,0) and ¥ : (C,0) — (C° X # 0) such that the point
((1),¥(1)) & Z C X x C° and for some k

. TDFa T
(agy---,an,b) :Pg%)w
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Proof. — The proof of this result is basically the same as that given in the
reference just by noting the equivalence between a map

0 :(C,C\ {0},0) — (X x C* %% x C*(0,)))

and the pair of maps ¢ : (C,C\ {0},0) — (¥,%%,0) and ¢ : (C,0) — (C¢,\ #
0), and then using Propositon 7.11 and its corollary. O

COROLLARY 7.15. — Let ¢ : (X,0) — C denote the specialization of (X,0)
to its tangent cone (Cx,,0), and let « € S be as in Remark 7.10-1. The
hyperplane {t = 0} is not a limit of tangent hyperplanes to X at (2,t) if and
only if ‘95; € JMy(F)q in Ox (24

Proof. — From Lemma 7.14, the hyperplane {t = 0} is a limit of tangent
hyperplanes if and only if there exists a pair of maps ¢ : (C,C\0,0) — (X,%%,0)
and ¢ : (C,0) — (C° X # 0) such that the point (¢(7),%(7)) ¢ Z C X x C°

and for some k
Y(T)DFo(p(7))

(0,...,0,b) = lim -

T—0 T
But we can see that ¥(7)DF,(¢(7)) is equal to

OF, OF, OF,
(r(522) @ wtren (5o) @ wn (52) 6. 00))
and so, if we denote by ordgy(7) the order of the series y(7) in C{7}, the limit
condition tells us that

ordop () (9(7), () < oxd (52 ) (7). 00, forj =0,

This implies that for every C' € R there exists an € € R such that for every
|| < e we have that |p (222) (¢(7),%(r))| > Clp (95> ) (¢(),%(7))|. Corollary
7.5 finishes the proof. O

The equivalence statement of Whitney’s condition a) in terms of integral
closure and the Jacobian module given by Gaffney and Kleiman([2, Cor 2.4,
p. 60 ] or [3, lemma 4.1, p. 560]) can now be refined in the irreducible case by
using the a—relative Jacobian module with basically the same proof.

THEOREM 7.16. —

Let (X,0) C (C"*1,0) be an irreducible and reduced germ of an analytic sin-
gularity defined by an holomorphic map f : (C"*1,0) — (CP,0), X = f~1(0).
Let (V,0) C (X,0) be a smooth subspace defined as the zero set of the analytic
function g : (C"*10) — (C!,0), and let « € S be as in Remark 7.10-1. Then
the pair (X°,V) satisfies Whitney’s condition a) at the origin if and only if the
module JMy(f)q is contained in JM(f)],.
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COROLLARY 7.17. — In the same setup of 7.16, let the smooth subspace
(V,0) C (X,0) be linear and defined by the projection g : (C*+1,0) — (C!,0)
onto the first | coordinates. If h : (C"*1,0) — (C"*1=L0) denotes the retrac-
tion over (V,0), that is the projection onto the last n + 1 — 1 coordinates, then
the pair (X°,V) satisfies Whitney’s condition a) at the origin if and only if
the module JMy(f)a is contained in JMy(f)5,.

Proof. — Recall that

= (). ()

Ofa
BZJ‘
where (%) = : . Then, according to Definition 7.9 we have that:
; :
Ofac
0z,

IMy(f)a = <(%> e ,<%>> o%

o= (). ()

Now, by definition, for a fixed map (¢,%) : (C,0) — (X x CP,0), with
(o(7), [W(7)]) ¢ Z for T # 0, we have the ideal:

and

LMo d) = (60 (F200) v (22 00) ) ey
=(1"wq, ..., T "wy) C{r}, with w; € C{r} unit
= (") c{r}

But, by Theorem 7.16 we know that the pair (X°, V) satisfies Whitney’s condi-
tion a) at the origin if and only if JMy(f)s C JM(f)},. Thatis, for j =1,...,n
we have that

Ofa
9r) (X2 0 9) € muty(IM(f)a06) = () Clr)
J
so finally:
(t"wgq, ..., 7w, ) C{7} = (two, ..., 7" rw;_1) C{7}
= Iy(JMp(f)a © ¢).
and the result follows. O
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COROLLARY 7.18. — Let ¢ : (X,0) — C denote the specialization of (X,0)
to its tangent cone (Cx,0,0), and let o € S be as in Remark 7.10-1. Then,
the pair (X°,Y) satisfies Whitney’s condition a) at the origin if and only if

OFa € TM,(F)},.

Proof. — For (Y,0) C (X,0) C (C**! x C,0) we have that the projection
@ : (C"™ x C,0) — (C,0)

onto the last coordinate can be seen as the retraction over (Y,0). Moreover,
the subspace (Y, 0) is defined by the projection

g: (C"™ xC,0) — (C"*)0)

onto the first n + 1 coordinates, so the module JMy(F'), =< 6;;& > O%, and
the result follows from 7.17. O
REMARK 7.19. — Proposition 7.11 gives us a relation between the blownup

space Ez(% x ]P’C_l) and the limits of tangent hyperplanes for every point in a
small enough neighborhood of the origin in X. Since it is this relation what gives
the key to derive 7.1/ to 7.17, these results are also valid for every point in a
small enough neighborhood of the origin in X; all we have to change is that the
arcs ¢ : (C,0) — (X9, (2,t)) arrive to the desired point. But more importantly,
the characterization of Whitney’s condition a) given in Corollary 7.18 is valid
as stated for any sufficiently close point y € Y.

8. The Main Theorem

Let (X,0) be a reduced germ of an analytic singularity of pure dimension d,
with reduced tangent cone Cx o, and let (X, 0) = J;_,(X},0) be its irreducible
decomposition. By Lemma 2.5 (X,0) = (J;_;(X;,0) is the irreducible decom-
position of the specialization space X, where (X;,0) is the specialization space
of the irreducible component (X;,0) to its tangent cone (Cx; 0,0). Moreover,
if the germ (X,0) does not have exceptional cones, by Lemma 8.1 the germs
(X;,0) don’t have exceptional cones either. These two results allow us to re-
strict ourselves to the case where the germ (X, 0) is irreducible which we have
been treating.

LEMMA 8.1. — The germ (X,0) does not have exceptional cones if and only
if for each i € {1,...,r} the germ (X;,0) does not have exceptional cones.

Proof. — First of all, for a small enough representative of X C C"*!, we have
the equality C(X) = |JC(X;) where C(X;) denotes the conormal space of the
embedding X; C C"*!, and so the conormal map ky, is equal to the restriction

of kx to C(X;). Moreover, we know that the strict transform ej ' (X; \ {0}) is
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equal to the blowup FoX; — X, and since for every arc ¢ : (C,0) — (X,0)
there exists a j € {1,...,7} such that ¢ factorizes through X;, we have the
equality PCx o = [JPCx, 0. All these imply that for each ¢ € {1,...,r} the
normal conormal diagram

BoC(X;) =~ C(X))

EoX;

Xi

is canonically embedded in the normal conormal diagram of X:

€o

EoC(X) -2~ ¢(X)

EoX X

€eo

Now, the germ (X,0) does not have exceptional cones if and only if every
irreducible component W,, of the fiber |x3'(0)] = | |/<c;{1 (0)] is equal to the
projective dual of an irreducible component V,, of the tangent cone PCx o,
that is an irreducible component of one of the tangent cones PCx;, o. Finally,

since for a reduced projective subvariety the double dual Y is equal to Y, then
two projective subvarieties Y7 and Y; of P™ are different if and only if their duals
are different Y; # Y,. This prevents the appearance of a possible exceptional
cone of X; having the same dual as an irreducible component of PCx ¢ which
finishes the proof. O

As we have said before, the first step in our objective of constructing a
Whitney stratification of (X,0) having the parameter axis (Y,0) as a stratum,
is proving that the pair (X°,Y") satisfies Whitney conditions a) and b) at the
origin. Since we are assuming (X,0) irreducible, what we have to prove, ac-
cording to Corollary 7.18 is that for an a chosen as in Remark 7.10-1, which we
will fix from this point on, 2f> € JM,(F)},. So in terms of 7.3, what we must
prove (assuming we know that the rank of the Jacobian module is the codi-
mension c¢) is that every minor M in J.(JM,(F)) depending on ‘95" satisfies
M € J.(JMy,(F),)". We will prove this using 7.7, and since we are working
with ideals, it leads us to consider the normalized blowup of X along the ideal
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Jo(JMy,(F)o). Moreover, by Remark 7.13, the blowup of X along the ideal
Jo(JMy(F)o) gives the relative Nash modification v, : /X — X.

LEMMA 8.2. — The a-Jacobian module JM(F), has rank ¢ on (%,0).

Proof. — By definition, the rank of a module over the integral domain Ox g is
the dimension as a vector space over the quotient field Q(Ox ) of the vector
space Q(Ox,0) ® JM(F)oOx .

Consider the presentation

O% o — 0”+2 I TM(F)aOx,0 — 0

where [DF], denotes the Jacobian matrix of the map F, : C"*2 — C¢, which
defines this map. By tensorizing this sequence by the field Q(Ox,0), we obtain
the sequence

DF],
Q(Ox,0)" — Q(0x,0)"** 225 Q(02,0) R) TMo(F)Ox,0 — 0

where the map defined by the Jacobian matrix remains surjective. Remark that
we now have that the rank of the module JM,(F)Ox ¢ is equal to the rank of
the matrix [DF)], when considering its entries as members of the quotient field
Q(Ox,0)-

Our choice of a guarantees the existence of a non zero ¢ x ¢ minor in Ox .
This implies that the ideal J.(JM(F)oOzx,0) of Ox o generated by all the ¢ x ¢
minors of the matrix [DF], is different from zero. Moreover since the matrix
[DF], is of size ¢ x (n + 2), then the ideal J.1(JM(F),Ox ) is equal to the
zero ideal. This remains true when considering the minors as elements of the
quotient field Q(Ox,), and so the rank of the matrix [DF, is equal to ¢ which
finishes the proof. O

We know that the pair (X°,Y) satisfies Whitney’s conditions at every point
y of Y with the possible exception of the origin so we have by 7.19 that every
minor M in J.(JM(F),) depending on m“ satisfies M € J.(JM,(F),)! in
Oz y for all these points. What we are going to prove in Proposition 8.8 is that
this condition carries over to the origin under the assumption that (X, 0) does

not have exceptional cones.

REMARK 8.3. —

1. The fact proven in Proposition /.2, that the isomorphism between the
conormal space C(X\%X(0)) and C(X)xC* is given by a natural projection
implies that the vertical hyperplane {t = 0} := [0 :---:0: 1] € P**! s
not tangent to any point (z,t) € X\ X(0). This is equivalent, by Corollary
7.15, to B = € JMy(F)qo in Ox (54 for every point (z,t) € X\ X(0).
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2. When (X,0) is a complete intersection, the center of the blowup defined
by the ideal J.(JM,(F)) is set theoretically the relative singular locus of
X. Moreover, since in this case, the tangent cone (Cx o,0) is a complete

intersection, the equality gfjf (2,0) = ag;';i (2) give us that the restriction
of the ideal J.(JM,(F)) to the special fiber is equal to the Jacobian ideal
Jox.,, of the tangent cone Cx o in Ocy . This implies that the strict trans-
form of X(0) with respect to this blowup is equal to the Nash modification
NCx,o of the fiber.

3. Even though we are considering that (X,0) and as a result (X,0) are
irreducible germs, this does mot mean that the tangent cone (Cx) is
irreducible. The problem with this is that the restriction of the ideal
Je(J My (F)) to the special fiber X(0) may vanish in an irreducible com-
ponent of the tangent cone (Cx,,0) and so its strict transform will no
longer be equal to the Nash modification N Cx q.

LEMMA 8.4. — For a reduced and irreducible germ (X,0) of an analytic sin-
gularity with reduced tangent cone (Cx o,0), there exists an ideal I C Ox o such
that:

1. The analytic subset V(I) C X defined by I contains the relative singular
locus Sing X := | J, SingX(t).

2. The blowup of X along I is equal to the relative Nash modification of X,
that is E1X =2 NV, X.

3. The blowup of the special fiber X(0) along the ideal IO0x(q),o defined by the
restriction of I to X(0) is isomorphic to the Nash modification N Cx q.

Proof. — Let F : (C"*! x C,0) — (CP,0) denote the germ of ana-
lytic map defined by the p series Fi,...,F, € C{z,...,2n,t}, such that
(X,0) = (F~1(0),0). Let [D,F] denote the relative Jacobian matrix, and
define the p x (n + 1) matrix A by setting the ¢ coordinate to 0, that
is A = [D,F(2,0)]. By definition, A is the Jacobian matrix of the map
g : (C"*10) — (CP,0) defined by the homogeneous polynomials g; = F;(z,0)
such that (Cx,,0) = (g71(0),0). Let ¢ be the codimension of X in C"*! x C,
then c is also the codimension of Cx ¢ in C"*1, and let S(resp. S’) denote the
set of increasing sequences of c-positive integers less than p + 1 (resp. n + 2).
For a = (a1,...,0a.) € S, and 8 = (B1,...,8.) € 8, g*P will denote the
minor of A obtained by considering the rows determined by « and the columns
determined by (.

Let Cx,0 = Ué’:l V; be the irreducible decomposition of the tangent cone. By
the proof of 3.1 there exist a,...,a! in S and functions hq,...,h € Ocx 0,05
with h; = 0on (J;; V; and h; # 0 on V;, such that the blowup of Cx o along the

ideal J = <U,g = Eézl hlvgo‘i*ﬁ, GRS S’> gives the Nash modification A/'Cx o.
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Now, since for each o' there is a non-zero minor of the matrix [Dg],:, the
corresponding minor of the matrix [D,F],: is not identically zero. Since by
hypothesis X is irreducible then the proof of 3.1 tells us that this condition is
enough to prove that the blowup of X along the ideal J.(JM,(F'),:) gives the
relative Nash modification ", X.

Let F*8 denote the minor of [D,F] obtained by considering the rows de-
termined by o and the columns determined by 3, and define the ideal I =
<pg = Zi:l h,F*P 3 e S'> where the h;’s are the same we used for the tan-
gent cone. Now, by construction, the blowup of the special fiber X(0) along the
ideal IO q),o is isomorphic to the Nash modification //"Cx o, and since for any
point (z,t) in the relative singular locus all the ¢ x ¢ minors of [D,F] vanish,
then we have the inclusion Sing,X C V/(I). All that is left to prove, is that the
blowup of I gives V', X.

Let © = (z,t) be a point in the relative smooth locus of X and T, X(¢)? =
[ag : ... : an] denote the coordinates of the point of PV corresponding to the
direction of the tangent space to the fiber X(t) at = by the Pliicker embedding of
the grassmannian G(d,n + 1) in the projective space PV. If (2, t) is sufficiently
general then for each of the a'’s we have:

[Faivﬁo : ...;Fai’ﬁN] = [aol...:aN]

where we have ordered the (3’s lexicographically. This means that there exist
M, ..., A € C such that for every o', ...,a! and 8% € S’ we have:

FOP" = Ny
which implies that for each g* € §':

pan (x ZhF“ﬂ Zh)\ak_akz:)\h

and so [pg(z)] = [a] in IP’N . Finally, since the A’s are non zero constants, the
function 22:1 Aih; can not be identically zero. This implies that the equation
[ps(z)] = [a] in PV is true for every point z in an open dense set U C X which
finishes the proof. O

PROPOSITION 8.5. — Let v, : /' ,X — X be the relative Nash modification of
p: X — C. Let Z C X be the subspace defined by the ideal I of 8./, and let
D be the divisor defined by I in N ,X, that is D = V;1(Z). If the germ (X,0)
does not have exceptional cones, then v;'(Z\ %X(0)) is dense in D. That is, the
exceptional divisor D of N ,X does not have vertical components over X(0).

Proof. — We know that X(0) is isomorphic to the tangent cone Cx . Now, by
?? the strict transform of X(0) in (%) is isomorphic to the Nash modification
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v: NCx,o — Cx,. Moreover, by the definition of blowing up, v=(Z N X(0))
is a divisor (of dimension d — 1).

Now, by ?? if (2,0,T) € v;'(2,0) C N ,X then the d—plane T is via T a
limit of tangent spaces to X at 0, that is the point (0,7) € v~1(0) C /" X. But,
since by hypothesis the germ (X,0) does not have exceptional cones , then T
is tangent to the tangent cone Cx g.

We want to prove that the total transform v 1(%(0)) coincides with the
strict transform A Cyx o, that is, we need to prove that the point (z,0,T) is in
N Cx . For this purpose all that is now left to prove is that T is tangent to
Cx,o at the point p = ().

Let & : (C,C\ {0},0) — (X, X°,0) be an arc such that its lift 5 to "X has
the point (0,7) € /"X as endpoint.

- — =

5H/

/\
/\/

By construction 6(C \ {0}) is contained in the smooth locus X°, and if we
denote by E° the inverse image p; ' (v~(X°)) , then by 4.1 the open subset
E° is dense in E, and it defines a locally trivial fiber bundle over v~1(X°).
This implies that for any point (0, T, H) € p; *(0,T) the arc § can be lifted to
an arc g having the point (0,7, H) as endpoint. So now we have transformed
the problem into proving that any hyperplane H € P™, such that T C H, is a
tangent hyperplane to C'x ¢ at the point p = z.

Going back again to the diagram of 3.2:

N & —= VX
x X

we have that for any sequence {(z,, tm)} in the smooth part of X\ X(0) tending
to the point (z,0) in the special fiber X(0), we have a corresponding sequence
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{(tmzm)} tending to the origin in X. The final step of the proof is now a conse-
quence of the projective duality obtained from the normal/conormal diagram:

EoC(X) 2= o(X)

EoX X

€0

since the sequence {tmzm} C X \ {0} tending to the origin gives us the se-
quence {(tmzm), [2m]} In EoX, the blowing up of X at 0, which tends to the
point (0, [2]) in the exceptional divisor PCx o. In the same way, we obtain the
sequence {(tm2Zm, [2m], Hm)} in EgC(X) C X x P x P™ tending to the point
(0,[2], H) in G = (1(0). Recall that if |G| = |, Ga is the irreducible decom-
position of the reduced space |G|, then each G, is the conormal space of an
irreducible component of PCx ¢. To finish the proof, note that so far we have
proved that v, '(%(0)) is just A/ Cx o and so v;*(Z(0)) is of dimension d — 1,
whereas an irreducible component of D is of dimension d. O

COROLLARY 8.6. — Let SingX(0) denote the singular locus of the special fiber,
then the dimension of Z/L;I(Sing%(O)) is less or equal than d — 1.

Proof. — By definition of the ideal I, the analytic subset SingX(0) is contained
in the subspace Z defined by I. Then we have the inclusion v (SingX(0)) C
v, '(Z(0)) and by Proposition 8.5 the dimension of v '(Z(0)) is equal to d — 1
which finishes the proof. O

Note that the following result does not uses the irreducible hypothesis, and
so is valid in a more general setting.

LEMMA 8.7. — Let Y denote the smooth subspace 0 x C C X as before, let

v:NX — X be the Nash modification of X, and let v, : N ,X — X be the
normalized relative Nash modification of X. Then:

1. If the germ (X,0) does not have exceptional cones we have the set-
theoretical equality:

|1/;1(Y)| = iY X 1/_1(0)|
2. The set theoretical inverse image |17;71(Y \ {0})] is dense in |17;71(Y)|.

TOME 141 — 2013 — N° 2



SPECIALIZATION TO THE TANGENT CONE & WHITNEY EQUISINGULARITY 333

Proof. — From Proposition 3.2 we have the commutative diagram:

N,E—= VX

where ¢ and I' are surjective. The morphism ¢ is the restriction to X of the
map C"*! x C — C"*! defined by (20,...,2n,t) — (tzo,...,tz,) which is
an isomorphism on C**! x C*. This implies in particular that the restriction
of the differential D¢ to the tangent space T, 4+ X(t) maps it isomorphically
to T(4,)X, where (z,t) is a smooth point of the fiber X(t) with ¢ # 0. But
the restriction of D¢ to T\, ,X(t) is t times the identity Id, which implies
that ' (Y '\ {(0,0)} = Y\ {(0,0)} x »~(0)) and as a consequence v, (0,0)
contains »~1(0). Finally, from the proof of Proposition 8.5 we know that the
fiber v *(%(0)) is equal to the Nash modification of the tangent cone Cx o, so
the fiber v 1(0,0) is equal to the set of limits of tangent spaces to Cx o which
coincides with »~1(0) since the germ (X, 0) does not have exceptional cones.
To prove 2), note that since v L(Y)) has a product structure we already
have that v;'(Y \ {0}) is dense in v;'(Y), and so we need to study how
the normalization n : A, X — AN ,X affects this subspace. Let (0,0,T) €
N ,X be a point over the origin in X. Since by hypothesis X is irreducible,
the space /X is also irreducible, however it may not be locally irreducible so
the germ (A", %, (0,0,7")) may have an irreducible decomposition of the form
(V%,(0,0,T)) = J;(Wj, (0,0,T)). Now, by [7, Section 4.4], we have that the
normalization map is finite, and over (A, %, (0,0,T")) in the normalized space

N X we have a multigerm | |;(Wj, p;) such that:
1. The germ (I//I\/;, p;) is irreducible, and corresponds to the normalization of
(W;,(0,0,7)).

2. For every j we have that n=1(0,0,7) N ﬁ/; = {p;}.

This implies that if v,(v;'(Y) N W;) = Y, then set-theoretically v, Y\
{0h)n ﬁ/; is dense in f/\;_l(Y) N I//I\/;, and so all we have to prove is that every
W; satisfies this condition.

Since the open set of relative smooth points X\ X(0) is dense in X, then its
preimage v (X \ X(0)) is dense in /", X and so it intersects every irreducible
component W; in an open dense set U;. This means that there exists an arc
contained in U;

p: (C,C\ {0},0) — (W;,U;,(0,0,T))
7 (2(7),¢(7), T(T))
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having (0,0,T") as endpoint; moreover by composing it with v, we get an
arc
p:(C,C\ {0}, 0) — (X, %?0 \ X(0), (0,0))
contained in XY, \ X(0) having the origin as endpoint.
Let i = (2(7),¢(7)) and let @ € C*, by Propositions 4.2 and 3.2, this arc
can be “verticalized” to an arc pg : (C,C\ {0},0) — (%(),X°(a), (0,c)) as
follows:

(C,C\ {0},0) — (%, %2\ %(0),(0,0)) — (X, X°,0) — (X(a),X()°, (0, x))
s (a(0), 1)) o (1)) e (B2 )

Since the canonical isomorphism between two fibers X(c;) and X(a2) used here
is given by (z,a1) — (g—;z, as), for every smooth point the tangent map acts
as z—; times the identity on the embedded tangent space leaving it invariant.
Now, since the arc is contained in the smooth locus X°(«) it has a unique lift

to an arc

fra : (C,C\{0},0) — (V' %, v, (X)), (0,0, T))
having as endpoint the point (0, «,T). Moreover for every 7y close enough to
the origin in C the point (2(70),%(70),7(70)) is in W} and since the arc g ()
passes through this point, then it is completely contained in W, in particular
the endpoint (0,%(p),T’) is in W, which finishes the proof. O

‘We are now in position to prove that 6(5;“ is strictly dependent on JM,(F)q

at 0.

PROPOSITION 8.8. — If the germ (X,0) does not have exceptional cones then
every minor M in J.(JM(F),) depending on agt" satisfies M € Jo(JMy(F)o)t
mn OX,O'

Proof. — Let M be a minor in J.(JM(F),) that depends on %, and let
W C X be the subspace defined by the ideal J.(JM,(F),). Note that by def-

inition, not only the {-axis Y, but the entire relative singular locus Sing X is

contained in W. Let v, : 77:,/% — X be the normalized blowup of X along
Je(JM,(F)qa), and let D be its exceptional divisor. By considering a small
enough neighborhood of the origin in X, or in other words a small enough
representative of the germ (X,0) we can assume that the divisor D has a fi-
nite number of irreducible components, and every irreducible component of
D intersects D;_l(O). Thanks to the fact that each irreducible component Dy

is mapped by the normalization map n : m — N ,(X) to an irreducible
component D; of D = |v;!(W)| these conditions are also verified in V", (X).
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Let b € D be a point in the exceptional divisor lying over W (0). Now, since
D is a divisor, the ideal J.(JM,(F),) o v, is locally invertible, so at each
b € D(0) it is generated by a single element g o U, where g € J.(JM,(F),).
By Proposition 7.7, we need to prove that for every such b the function M o,
lies in the product I(Y, Dy)J.(JMy(F)a) o vy, or equivalently (from the proof

Mov,

of the proposition) that the meromorphic function % locally defined by —=

govy,

is holomorphic and vanishes at b if b lies over (0,0) € Y.
Note that if v,(b) is not in Y then the ideal I(Y,ﬁk)O@b

proper ideal and so all we need to prove is that M o v, belongs to the ideal
Je(JM4(F')qo) o vy, which by Proposition 7.7 is equivalent to k being holomor-
phic and also to M € J.(JMy(F),). Now, by Remark 8.3-1, for any point
(2,t) € X\ X(0) we already have M € J,(JM,(F),) which implies that the
function k is holomorphic on D \ D(0), and so its polar locus is contained in
D(0).

Let (2,0) € W such that (z,0) is not in Sing X, that is (2,0) is a smooth
point of both the space X and the special fiber ¥(0). Then, the vertical hy-
perplane H = [0 : --- : 0 : 1] € P**! cannot be tangent to X at (z,0) and
so by Remark 8.3-1 we have M € J.(JM,(F),) and k holomorphic. Indeed,
if H is tangent to X at the point (z,0), then the point (2,0) is a singular
point of X N H = ¥(0). This implies that the polar locus of k is contained in
ﬁ;_l(Singf{(O)), but by Corollary 8.6 the dimension of v *(Sing%(0)) is less
than or equal to d — 1, and since the normalization map is finite we also have
dim 7, ~"(Sing®(0)) < d, so it has codimension at least 2. However, in a normal
space the polar locus of a meromorphic function is of codimension 1 or empty
([8, Thm. 71.12, p. 307]), which implies that & is holomorphic at every point
beD.

is not a

All that is left to prove is that the holomorphic function k vanishes at every
point b € D lying over Y. Since for any point y # 0 € Y the pair (X°,Y) satisfies
Whitney’s condition a) at y we have that k vanishes on 17;71(Y \{(0,0)}), and
by continuity it vanishes on its closure in m. But by Lemma 8.7-2 the
aforementioned closure is equal to D;_I(Y), and so we have that the function
k vanishes at any point b lying over (0,0) € Y. O

Let Z C X be the subspace defined by the ideal I of 8.4 as before. Note
that the key point in proving the previous proposition is the inequality dim
v, ' (SingX(0)) < d which was a consequence of 8.5 and this gives us the fol-
lowing result.
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PROPOSITION 8.9. — Let (X,0) C (C™*,0) be a reduced and irreducible d-
dimensional germ of an analytic singularity such that the tangent cone is re-
duced. Then (X,0) does not have exceptional cones if and only if v, (Z) does
not have vertical components over X(0).

Proof. — If (X,0) does not have exceptional cones, then it is Proposition 8.5.
On the other hand, if v;!(Z) does not have vertical components over X(0) then
Corollary 8.6 and the proof of Proposition 8.8 gives us that the pair (X°,Y)
satisfies Whitney’s condition a) at the origin, and by 6.5 this is equivalent to
(X,0) having no exceptional cones. Finally, this implies that (X,0) does not
have exceptional cones either. [

REMARK 8.10. — Note that if (X,0) has exceptional cones then, (X,0) also
has exceptional cones.

Indeed, if kx : C(X) — X is the conormal space of X and kx : C(X) - X
the conormal space of X, then k3" (Y \ {0}) = Y\ {0} x k%" (0) and so 3" (Y)
contains Y x 3" (0). In particular, if H = [ag : - - - an] € k% (0) C P", but H is
not tangent to the tangent cone Cx o, then H= [ag : -+ :an : 0] € kx'(0) C
P"*+1 and it can not be tangent to the tangent cone Cx,0=CxoxC.

We can summarize all we have done so far with the following theorem:

THEOREM 8.11. — Let (X,0) be a reduced and equidimensional germ of a
complex analytic singularity, and suppose that its tangent cone Cx o is reduced.
Then the following statements are equivalent:

1. The germ (X,0) does not have exceptional cones.

2. The pair (X°,Y) satisfies Whitney’s condition a) at the origin.

3. The pair (X°,Y) satisfies Whitney’s conditions a) and b) at the origin.
4. The germ (X,0) does not have exceptional cones.

Proof. — Let (X,0) = Jj=1(Xj, 0) be the irreducible decomposition of (X, 0).
Then by Corollary 8.1, and Lemma 2.5 it is enough to verify these equivalences
for each irreducible component (X;,0) and its specialization space (¥X;,0). Now
for an irreducible germ we have:

1) = 2) by Proposition 8.8.

2) = 3) by Proposition 6.1.
3) = 4) by 6.5.
4) = 1) by Remark 8.10. O

Suppose that (X, 0) has as isolated singularity, but C'x o does not, then:

1. Either the singular locus of X(0) is contained in the singular locus of
X and so this last space has an irreducible component contained in the
special fiber X(0).
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2. Or, every point p € Sing X(0) is smooth in X, which implies that the
“vertical” hyperplane H; := {t = 0} is tangent to X at p, and so H; is a
limit of tangent hyperplanes to (X, 0).

In any case, this will prevent us from building a Whitney stratification of X
having Y as a stratum. This kind of phenomenom is quite general and has
little to do with the isolated singularity case. So in order to be able to build
the Whitney stratification we want, it is important to have some control on the
behavior of the singular locus of X. The following lemma will help us manage
this situation in the case of a complete intersection tangent cone.

LEMMA 8.12. — Let v, : ¥ ,(%X) — X and (Z,0) C (%X,0) be defined by the
ideal I of 8./ as before. Let D = V;1(Z) be the exceptional divisor. If D does
not have vertical components over X(0), then set-theoretically, the closure of
Z\ Z(0) in X is equal to Z.

Proof. — Let us consider the map h : (Z,0) — (C,0). If h is flat, we have
nothing to prove, so suppose h is not flat. Then, we can find a minimal primary
decomposition of I in Ox o:

I=Q1NQ2N---NQs

such that t™ € @; for 1 < r < ¢ < s with n; > 0, so it corresponds to a
possibly embedded irreducible component of the germ (Z,0) contained in the
special fiber Z(0).

Let I = QN B, where B = @, N---NQs. There exists a small neighbourhood
of the origin U C X%, such that I(U) = Q(U) N B(U), and for every z € U we
have the equality I, = Q; N By in O% .. But, for any open set V C U such
that 0 ¢ V, since t™ € B(V) and t™ is a unit in O%x (V) we have that I, = Q,
in Ox , for any point x € Z \ {0}, so their integral closures are equal I, = Q,
for every point z € V.

Let v, : m L Wy (%) 22, % be the composition of v, and the nor-
malization of A ,(X). By hypothesis, D does not have vertical components
over the origin, and since the normalization is a finite map, we have that
D = N_l(Z) = n~1(D) does not have vertical components over the origin
either. Let w € @, then for U sufficiently small w € Q(U). Now, we know that

the coherent ideal I := I 077\(_3?) is locally invertible, so in particular for any
©®

point p € D there exists an open neighborhood V,, of p in m such that
I(Vp) = (gp) Om)(vp)'

For any such neighborhood, we can consider the meromorphic function ¢q :=
(w o vy,)/gp. The polar locus of ¢ is contained in D, more precisely, since the
ideal I and @ coincide outside 5;_1(0), we have that the polar locus of ¢ is
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—~—1

contained in v, ~ (Z(0)). But D does not have vertical components over X(0)
S0 17;71(Z (0)) is of codimension at least 2. Since in a normal space the polar
locus of a meromorphic function is of codimension one or empty ([8, Thm.
71.12,p. 307]), g is actually holomorphic and I= @ in &, (%), which implies
by [9, Thm 2.1, p. 799] that the integral closures I = () are equal in Ox .
Finally, since the integral closure of an ideal is contained in its radical, then
set theoretically Z is the zero locus of I, that its |Z| = V(I) = V(Q) = V(Q)

and it does not have vertical components over the origin.

O

Suppose now that both (X,0) and its tangent cone are reduced complete
intersections, then the specialization space (X, 0) is also a complete intersection.
In particular, refering back to Remark 7.10, there is no need to choose an «,
and the ideal I of 8.4 can be chosen as the relative Jacobian ideal J.(JM(F'))
which set-theoretically defines the relative singular locus Sing, X. Note that
that the restriction of the ideal J.(JM,(F')) to the special fiber is equal to
the Jacobian ideal Jcy , of the tangent cone Cx, in OCx,o‘ This implies that
the strict transform of X(0) with respect to this blowup is equal to the Nash
modification A/ Cx o of the fiber.

PROPOSITION 8.13. — Let (X,0) C (C"t1,0) be a reduced germ of a singu-
larity such that the tangent cone Cx o is a reduced complete intersection. Let
|Sing Cx 0| = |J Eqo be the irreducible decomposition of the singular locus of the
tangent cone. If there exists an o, such that E, is not completely contained
in the reduced tangent cone |C|SingX|,0|; then it is contained in an exceptional
cone. In particular we have the inclusion

Sing Cx 0| C |Clsing x),0] U {Exceptional cones}

Proof. — Let ¢ : (%(,0) — (C, 0) be the specialization space of X to its tangent
cone (Cx,0,0), and let v, : N ,(X) — X be considered as the blowup of X
with center Z C X defined by the ideal J.(JM,(F')), and exceptional divisor
D C X ,(%). Since set-theoretically Z is the relative singular locus of X, then
if we set W as the closure of Z \ Z(0) in X, then set theoretically W(0) is
|C|sing x],01> 50 the existence of the E, in the hypothesis amounts to Z having
a vertical (irreducible) component Z3 over the origin.

The existence of such a Zg implies by 8.12 the existence of a vertical com-
ponent Dg of |D|, which then implies by 8.5 that the germ (X, 0) has excep-
tional cones. Now for any point z € Zz \ W there exists an open neighborhood
z € U, C X such that U, N W = @ and Zg \ W is dense in Zg. That is, there
exists an open neighborhood U of Zg \ W in X, such that UNW = &, and so
v (UNW) = v (U) Ny (W) = @. But v, (W) contains D\ D(0), and
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29 L{U)ND is not empty, so there is necessarily an irreducible component Dg of
D, such that Dg D v;'(Zs) and Dg is completely contained in D(0). All that
is left to prove is that the component Dg is mapped by v, into an exceptional

cone.

By Remark 8.3, the strict transform v, '(%(0)\ Z) is equal to the Nash
modification of the fiber %(0) which has dimension d, on the other hand since
Dg is an irreducible component of the divisor D it is also of dimension d and

so cannot be contained in N %X(0), i.e. Dg € N %X(0).

Now, by [16, Proposition 2.1.4.1, p. 562], the cones of the aureole are set
theoretically the images by k, of the irreducible components of [k, *(%(0))|.
So let us consider the relative version of the diagram given in Proposition 4.1,
relating the relative Nash modification /", X with the relative conormal space

C,(%).

E,C—=XxGn+1—dn+1)xPr

W% Cy(X)

By commutativity of the diagram, we have the equality p»(p~*(A%(0))) =
C(%(0)), where C'(%X(0)) denotes the conormal space of the fiber X(0) and it is
equal to x5, (%(0) \ Z). This implies that the space 1/5; := pa(p; }(Dg)) can not
be contained in C(¥(0)). Now, the conormal space C(X%(0)) is of dimension n,
and since C,(X) — X — C is isomorphic to the specialization space of C'(X) to
its normal cone along x5! (0) ([12, Lemma A.4.1, p. 190]), then the dimension
of k7(%(0)) is also n. This means that 5; is contained in an irreducible
component of [k (%(0))| outside of C(%(0)) and so is mapped by &, into an
exceptional cone. [

Note that we always have the inclusion |C|SingX|,O| C |Sing Cx o], so the
absence of exceptional cones together with 8.13 tells us that in this setting not
only do the relative singular locus, and the singular locus of X coincide, but also
that Sing X \ X(0) = Sing X. In particular we have |C’|Singx|70| = |Sing Cx ¢
and this leaves us in a good position to continue building a Whitney stratifica-
tion of X having Y as a stratum.
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COROLLARY 8.14. — Let (X,0) satisfy the hypothesis of Theorem 8.11. If
(X,0) has an isolated singularity and its tangent cone is a complete inter-
section singularity, then the absence of exceptional cones implies that Cx o has
an isolated singularity and {X\Y,Y} is a Whitney stratification of X.

Proof. — Proposition 8.13 tells us that |C|Singx|’0| = |Sing Cx |, and since
(X,0) has an isolated singularity then |Cisingx|0| = {0} and so the tangent
cone (Cx,0) also has an isolated singularity. This implies, that SingX =Y,
and Theorem 8.11 finishes the proof. O

There is a partial converse to the corollary, in which we can construct a
Whitney stratification of X under the assumption that the tangent cone has an
isolated singularity at the origin.

COROLLARY 8.15. — Let (X,0) satisfy the hypothesis of Theorem 8.11. If the
tangent cone (Cx 0,0) has an isolated singularity at the origin, then (X,0) has
an isolated singularity and {X\Y,Y} is a Whitney stratification of X.

Proof. — The first step is to prove that (X, 0) does not have exceptional cones,
however by [16, Prop. 2.1.4.2, p. 563] this is always the case when the tangent
cone has an isolated singularity at the origin.

Now, by Theorem 8.11, it is enough to prove that the singular locus of X is
Y. It is a general fact that the relative singular locus Sing,,X of X, contains the
singular locus SingX, and they coincide away from the special fiber. In other
words, the space W := Sing,, X\ {X(0)} is isomorphic via ¢ : X\ X(0) — X x C*
to SingX x C*, and so the map induced by ¢ to its closure W — C can be
identified with the specialization space of [Sing X | to its tangent cone. In view of
this, the hypothesis tells us that the only singular point of X in the special fiber
is the origin (0,0); this implies W (0) = {0} and since it is isomorphic to the
tangent cone Clsingx|,0, then (X,0) has an isolated singularity and SingX =Y
which finishes the proof. O

EXAMPLE 8.1. — Let (V,0) C (C"*1,0) be a reduced and irreducible iso-
lated complete intersection variety defined by an homogeneous ideal I =
(Rimyy -+ Pm, ), where m; is the degree of the polynomial. That is, V is the
cone over a smooth, complete intersection, projective variety.

Let (X,0) C (C"*1,0) be the germ defined by the ideal I = (hq,...,h),
where h; = hy,, + P; and P; € C{zo,...,2,} is such that ordy P;(z) > m,.
Then:

— The germ (X, 0) is a reduced complete intersection.
— The tangent cone Cx ¢ is defined by the ideal Iy and so it is isomorphic
to V.
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That X is a complete intersection can be seen by considering the analytic
family {X;} defined by the h! := h,,, +tP; and the upper semicontinuity of fiber
dimension. For the other assertion consider the radical idea I := /T defining
| X|. This gives us the following inclusion of initial ideals

Inonlo = Iy C Ingnl C Ingnl

and as a result the surjective morphism of analytic algebras:

C{z0,.--,2n} . C{z0,---,2n}
IO Inng
OV,O — OC\X|,0

But V is irreducible, so Oy, is an integral domain and since both algebras have
krull dimension n+ 1 — k they are isomorphic and I = Inng~ . Finally, this tells
us that Ingn] = (Ingnha, ..., Ingehs), which implies that T = (hy,... k) = I
and so X is reduced and Cx o = V.

Now, by construction, the specialization space ¢ : X — C is defined by the
equations H;(z,t) = t~™ih;(tz) in C"*! x C and since the tangent cone Cx g
is reduced and has an isolated singularity at the origin, Corollary 8.15 tells us
that {X\Y,Y} is a Whitney stratification of X.

9. Conclusion

We have verified that the absence of exceptional cones allows us to start
building a Whitney stratification of X having Y as a stratum. The question
now is how to continue. Proposition 8.13 tells us, at least in the complete
intersection case, that the singular locus of X coincides with the specialization
space Z of |Sing X | to its tangent cone.

Suppose now, that the germ (|Sing X |, 0) has a reduced tangent cone, then a
stratum X, containing a dense open set of Z will satisfy Whitney’s conditions
along Y if and only if the germ (|Sing X|,0) does not have exceptional cones.

In view of this it seems reasonable to start by assuming the existence of a
Whitney stratification { X} of (X, 0) such that for every ) the germ (X, 0) has
a reduced tangent cone and no exceptional cones. In this case, the specialization
space Zy of X, is canonically embedded as a subspace of X, and the partition
of X associated to the filtration given by the Z) is a good place to start looking
for the desired Whitney stratification of X
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